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Abstract. We study asymptotic jumping numbers for graded sequences of ideals, and 
show that every such invariant is computed by a suitable real valuation of the function 
field. We conjecture that every valuation that computes an asymptotic jumping number 
is necessarily quasi-monomial. This conjecture holds in dimension two. In general, we 
reduce it to the case of affine space and to graded sequences of valuation ideals. Along 
the way, we study the structure of a suitable valuation space. 
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Introduction 

Given a nonzero ideal a on a smooth complex variety X, the log canonical threshold 
let (a) is a fundamental invariant in both singularity theory and birational geometry (see, 
for example, |Lazj . |EM] or |Kol] ) . Analytically, it can be described as follows: arguing 
locally, we may assume that a is generated by fi, . . . , f m G 0(X), in which case 

let (a) = sup{s > | |/i| 2 )~ s is locally integrable}. 

i 

Alternatively, the invariant admits the following description in terms of valuations: 

lct(„)=inf^M, (0.1) 
e ord^a) 

where E varies over the prime divisors over X, and where A(ord^) — 1 is the coefficient of 
the divisor E on Y in the relative canonical class Ky/x- 111 fact, in the above formula one 
can take the infimum over all real valuations of K(X) with center on X. A key fact for the 
study of the log canonical threshold is that if tt : Y — > X is a log resolution of the ideal o, 
that is, it is proper and birational, Y is smooth, and o • Oy is the ideal of a divisor D such 
that D + Ky/x has simple normal crossings, then there is a prime divisor E on Y that 
achieves the infimum in (10. ip . These divisors play an important role in understanding the 
singularities of a. 

In this paper we undertake the systematic study of similar invariants in the case of 
sequences of ideals. We focus on graded sequences of ideals a.: these are sequences of ideals 
(flm)m>i on X such that dp • a q C a p+q for all p and q. In order to simplify the statements, 
in this introduction we also assume that all a m are nonzero. The main geometric example 
of a graded sequence is given by the ideals defining the base locus of \L m \, where L is 
an effective line bundle on the smooth projective variety X. Note that the interesting 
behavior of this sequence takes place when the section C-algebra © m > r(A, L m ) is not 
finitely generated. 

Given a graded sequence a., one can define an asymptotic log canonical threshold 
let (a.) as the limit 

let (a.) := lim m ■ lct(o m ) = sup m ■ lct(o m ) G R>o U {oo}. 



m— >oo 



We show that as above, we have 

, ct(a .) = inf ^4, (0.2) 
e ovd E (a.) 

where ordg(a,) = lim m _ s . 00 ordj ^ a '"- > = inf m ord ^° m \ More generally, one can define v(a m ) 
and A(v) for every valuation v of K(X) with center on X, and in (10. 2p we may take the 
infimum over all such valuations different from the trivial one. It is easy to see that in 
this setting there might be no divisor E such that the infimum in (I0.2p is achieved by 
ord-E (we give such an example with a, a graded sequence of monomial ideals in §8). The 
following is (a special case of) our first main result: 

Theorem A. For every graded sequence of ideals a., there is a real valuation v of K(X) 
with center on X that computes lct(a.) ; that is, such that let (a.) = ^pr- 
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We make the following conjecture. 
Conjecture B. Let a. be a graded sequence of ideals on X such that lct(o») < oo. 

• Weak version: there exists a quasi-monomial valuation v that computes lct(a,). 

• Strong version: any valuation v that computes let (a.) must be quasi-monomial^ 

Recall that a quasi-monomial valuation is a valuation v of K(X) with the following 
property: there is a proper birational morphism Y — > X, with Y smooth, and coordinates 
yi, . . . , y r at a point rj G Y, as well as otj, . . . , a r G R>o such that if / can be written at 

V as / = E/?ez- c PV P i then 

v(f) = min{^ ^fr | = (ft, . . . , ft) G Zl , c p ^ }. 

i 

Equivalently, such valuations are known as Abhyankar valuations (see §3.2). A positive 
answer to the above conjecture could be interpreted as a fmiteness property of graded 
sequences, even those sequence that are not finitely generated, that is, for which the 
Ox-algebra ® m>0 a m is not finitely generated. 

As a consequence of Theorem A, we show that in order to prove Conjecture B 
it suffices to consider certain special graded sequences a,, namely those attached to an 
arbitrary real valuation w of K(X), by taking a m = {/ | w(f) > m}. See Theorem 17.71 

Our second main result reduces Conjecture B to the case of affine space over an 
algebraically closed field. Furthermore, in the strong version we may assume that v is a 
valuation of transcendence degree zero. In order to get such a statement, we need to work 
in a slightly more general setting that we now explain. To a nonzero ideal o, one associates 
its multiplier ideals J (a 1 ), where t G R>o- These are ideals on X with J {a 11 ) C J (a 1 ' 2 ) if 
t\ > t 2 , and J7"(a') = Ox for < i <C 1. One knows that there is an unbounded sequence 
of positive rational numbers < t 1 < t 2 < . . . such that J7"(a*) is constant for t G [tf_x, t») 
and J(a u ) ^ ^(a* 1 - 1 ) for all i > 1 (with the convention that t = 0). These U are the 
jumping numbers of a, introduced and studied in |ELS V] . From this point of view, the 
log canonical threshold let (a) is simply the smallest jumping number t\. 

We index the jumping numbers of a as follows. Given a nonzero ideal q on X, 
let lct q (a) be the smallest t such that q %. J7"(a*). In particular, we recover let (a) as 
let * (a). The advantage of considering higher jumping numbers comes from the fact that 
it allows replacing X by any smooth X', where X' is proper and birational over X: in 
this case lct q (a) = lct q (a'), where a' = a ■ O x > and q' = q ■ O x >{—K x >/x)- Many of 
the subtle properties of the log canonical threshold are not shared by the higher jumping 
numbers. However, for our purposes, considering also lct q (a) does not create any additional 
difficulties. 

In particular, given a graded sequence of ideals a., one defines as above 
lct q (a.) := lim m ■ lct q (a m ) = supm • lct q (a m ) G R>o U {oo}, 

m—¥oo m 

1 Given v, the existence of a, such that v computes lct(a.) < oo is equivalent to the following two 
properties: A(v) < oo, and for every valuation w of K (X) with center on X such that w(a) > v(a) for 
every ideal a on X, we have A(w) > A(v); see Theorem 17.81 
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and we have 



lct q (a.) = inf 



A(v) +v(q) 
v(a.) 



(0.3) 



where the infimum is over all real valuations of K(X) with center on X, and different 
from the trivial one. With this notation we have versions of Theorem A and Conjecture B 
for lct q (o»). Furthermore, we reduce the general version of Conjecture B to the following 
conjecture about valuations. 

Conjecture C. Let X = where k is an algebraically closed field of characteristic 
zero and where n > 1. Let o. be a graded sequence of ideals on X and q a nonzero ideal 
on X such that lct q (a») < oo and such that Oi D m p , where p > 1 and m = trig is the ideal 
defining a closed point £ 6 X . 

• Weak version: there exists a quasi-monomial valuation v computing lct q (a.) and 
having center C, on X . 

• Strong version: any valuation of transcendence degree computing lct q (o.) and 

having center £ on X , must be quasi-monomial. 

Theorem D. // Conjecture C holds for all n < d, then Conjecture B holds for all X with 
dim(X) < d. 

We give a proof of the strong version of Conjecture C in dimension < 2. The ar- 
gument is similar to the one used in |FJ3j . where a version of Conjecture B is proved. 
However, as opposed to |FJ3] , the proof given here does not use the detailed tree structure 
of the valuation space at a point. 

As is always the case when dealing with graded sequences of ideals (see [Lazj . 
[ELMNP"] , [Mus] and [FJ3] ) , a key tool is provided by the corresponding system of asymp- 
totic multiplier ideals b. = (b t )teR >0 - These are defined by b t = J(o^ m ) for m divisible 
enough. The invariant lct q (a») can be recovered as the smallest A such that q % b\. A 



fundamental property of b. is provided by the Subadditivity Theorem [DEL], which says 

that b s+ t C b s b t for every s,t > 0. Given a general such subadditive systems of ideals 
b. (not necessarily associated to a graded system) we introduce and study asymptotic 
invariants. A key property for us is that a graded sequence a. has, roughly speaking, the 
same asymptotic invariants as its system b. of multiplier ideals. 

We now describe the key idea in the proof of Theorems A and D. Given a graded 
sequence a. and a nonzero ideal q with A = lct q (a.) < oo, let £ be the generic point 
of an irreducible component of the subscheme defined by (b\: q). After localizing and 
completing at £, we may assume that X = Spec k[xi, . . . ,x n ] for a characteristic zero 
field k, and that £ is the closed point. We show that if m is the ideal defining £, and 
p 3> 0, then lct q (a.) = lct q (c.), where tt = Yll=o 0-i-m p( - e ~ l \ Using a compactness argument 
for the space of normalized valuations with center at £, we construct a valuation v with 
center at £, which computes lct q (c.). It is now easy to see that v also computes lct q (a.). 
This proves the general version of Theorem A. In order to prove Theorem D for the weak 
versions of the conjectures, we need two extra steps: we show that after replacing X by a 
higher model, the valuation v that we construct has transcendence degree zero, and then 
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we show that we may replace k by its algebraic closure k, and Spec k{x\, . . . , x n J by Ap 
In this case, assuming Conjecture C, we can choose v to be quasi-monomial. 

A general principle in our work is to study a graded system a, of ideals on X 
through the induced function v h-> v(a») on the space Valx of real-valued valuations on 
K(X) admitting a center on X. We show in Theorem 14.91 that Valx can be viewed as a 
projective limit of simplicial cone complexes equipped with an integral affine structure, 
a description which leads us to extend the log discrepancy from divisorial to arbitrary 
valuations. In fact, the precise understanding of the log discrepancy plays a key role in 
the proof of Theorem D. 

Spaces of valuations, such as Berkovich spaces |Berlj . are fundamental objects in 
non- Archimedean geometry. More surprisingly, they have recently seen a number of appli- 
cations to problems over the complex numbers [Ber2t IKSl \FJ2\ IFJ31 IBFJ1} IBdFFl IKedl} 
IKed2j . The space Valx is a dense subset of the Berkovich analytic space A an and has 
the advantage of being birationally invariant (as a set). It is also closely related to the 
valuation space considered in |BFJ1] . See §6.31 for more details. Expecting the space Valx 
to be useful for further studies, we spend some time analyzing it in detail. However, on a 
first reading, the reader may want to skim through §§3J1S1 

We mention that part of our motivation comes from the Openness Conjecture of 
Demailly and Kollar [DK] for plurisubharmonic (psh) functions. The connection between 
valuation theory and this conjecture has been highlighted by the two-dimensional result 
in [FJ3j . and by the higher-dimensional framework in |BFJlj . In the setting of psh func- 
tions, one can define analogues of the invariant let (a.), and one can formulate an analogue 
of Conjecture B, which would imply in particular the Openness Conjecture. While in gen- 
eral there is no graded sequence associated to a psh function <p, Demailly's approximation 
technique (see |DK] ) allows one to get a subadditive system of ideals b.. We expect that 
methods similar to the ones used in this paper should give analogues of Theorems A and 
D for psh functions (in particular, this would reduce an analytic statement, the Openness 
Conjecture, to the valuation-theoretic Conjecture C above). We hope to treat the case of 
psh functions in future work. 

As explained above, we make use of localization and completion. Furthermore, when 
working in the analytic setting it is convenient to consider schemes of finite type over 
rings of convergent power series over C. In order to cover all such cases, we work from 
the beginning with regular excellent schemes over Q, as in |dFMj . The basic results about 
log canonical thresholds and multiplier ideals carry over to this setting. Some of the more 
subtle results, whose proofs use vanishing theorems, are reduced to the familiar setting in 
the appendix. 

The paper in structured as follows. In JTJ we set up some notation and definitions, 
and in §2] we introduce the asymptotic invariants for graded sequences and subadditive 
systems of ideals. We prove here their basic properties, and in particular, we relate the 
invariants of a graded sequence and those of the corresponding subadditive system of 
asymptotic multiplier ideals. In £j3]we introduce the quasi- monomial valuations and prove 
some general properties that will be needed later. Section H] contains some results con- 
cerning the structure of the valuation space, while in £J5] we use this framework to extend 
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the log discrepancy function to the whole valuation space. In §3] and $5] we follow the 
approach in [BFJ1] . with some modifications due to the fact that we do not restrict to 
valuations centered at a given point. In §E]we return to subadditive and graded sequences, 
and extend some results that we proved for divisorial valuations to arbitrary valuations. 
Section [7] is the central section of the paper, in which we prove our main results. In §S] 
we consider a special case, that of graded sequences of monomial ideals. In this case the 
picture can be completely described, and in particular, we see that Conjecture B has a 
positive answer. We give a proof of Conjecture C in the two-dimensional case in $9j The 
appendix shows how to extend some basic results about multiplier ideals, the Restriction 
and the Subadditivity Theorems, from the case of varieties over a field to our more general 
setting. 

Acknowledgment. This work started as a joint project with Rob Lazarsfeld. We remain 
indebted to him for many inspiring discussions on this subject, and also for sharing with 
us over the years his insights about multiplier ideals and asymptotic invariants. The first 
author has also benefitted greatly from discussions with Sebastien Boucksom and Charles 
Favre. Finally we are grateful to Michael Temkin for patiently answering our questions 
about resolution of singularities and to the referee for a careful reading of the paper. 

1. Preliminaries 

Our main interest is in smooth algebraic varieties. However, as we have already 
explained, it is more convenient to develop the whole theory in a general setting, when 
the ambient scheme X is separated, regular, connected, and excellent (we review the 
definition of excellent schemes in §1.1 below). However, most of the time the reader will 
not lose much by assuming that we deal with separated, smooth algebraic varieties over 
an algebraically closed field. 

The main tool in our study is provided by multiplier ideals. For the theory of mul- 
tiplier ideals in the case of varieties over a field k we refer to |Lazj . The definition and 
basic properties carry over easily to our framework, see |dFM] and [dFEM]. For a small 
subtlety in computing the log discrepancy divisor in our setting, see §1.3 below. The key 
fact that we have log resolutions in this setting follows from |Teml] . Certain care is only 
required when extending the results that rely on vanishing theorems, since such results 
are not known in our framework. We explain in the appendix how the extension of some 
basic results, the Restriction and the Subadditivity Theorems, can be carried out. From 
now on, without further discussion, we will not distinguish between the classical setting 
and ours when dealing with multiplier ideals. 

1.1. Excellent schemes and regular morphisms. Recall that a Noetherian scheme is 
regular if all its local rings are regular. An effective divisor Dona regular scheme X has 
simple normal crossings if at every point £ e X there are algebraic coordinates x%, . . . , x r 
at £ (that is, a regular system of parameters of Ox,$) such that D is defined at £ by 
x® 1 ■ ■ ■ x® r , for some a%, . . . ,a r G Z> . 

A morphism /j,: X' — > X between Noetherian schemes is regular if it is flat and all 
its fibers are geometrically regular (since all our schemes are schemes over Q, this simply 
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means regular). An immediate consequence of the definition is that if \x is regular and 
Y — > A is any morphism with Y Noetherian, then Y' — > Y is regular, where Y' = Yx x X'. 
In particular, if Y is a regular scheme, then so is Y'; similarly, if D is a divisor on Y having 
simple normal crossings, then so does its inverse image on Y'. 

For an introduction to regular morphisms, see |Matt Chapter 32]. 

Example 1.1. Let K/k be an extension of fields of characteristic zero. Then the induced 
morphism ip: — > A£ is regular and faithfully flat. 

Recall that a Noetherian ring A is excellent if the following hold: 

1) For every prime ideal p in A, the completion morphism A p — > A p corresponds to 
a regular scheme morphism. 

2) For every A-algebra of finite type B, the regular locus of Spec(-B) is open. 

3) A is universally catenary. 

A Noetherian scheme X is excellent if it admits an open cover by spectra of excellent 
rings. Note that by definition, if X is an excellent scheme, then for every point £ G X the 
canonical morphism Spec Ox,% — > A is regular. 

For the basics on excellent rings we refer to [Mat, Chapter 32], and the references 
therein. It is known that a localization of an algebra of finite type over an excellent ring 
is excellent. Another important example of excellent rings is provided by local complete 
Noetherian rings. In particular, formal power series rings over a field are excellent (and 
the same holds for rings of convergent power series over C). 



1.2. Valuations. From now on, we assume that A is a separated, regular, connected, 
excellent scheme over Q. We will consider the set Valx of all real valuations of the function 
field K(X) of A that admit a center on A. The last condition means that if O v is the 
valuation ring of v, then there is a point £ = cxiy) G A, the center of v, such that we have 
a local inclusion of local rings Ox,£ ^ O v . Note that since A is separated, the center is 
unique. We sometimes call the closure of cx{v) the center of v, too. The trivial valuation 
is the valuation with center at the generic point of A, or equivalently, whose restriction to 
K(X)* is identically zero. We denote by Val x C Valx the subset of nontrivial valuations. 
Notice that if A is a variety over a field k, then the restriction of any v G Valx to k is 
the trivial valuation. 

It is clear that for every v as above, since the ring Ox£ is Noetherian, there is no 
infinite decreasing sequence v(fi) > v(f 2 ) > . . . , with all ft in Ox£- Indeed, the sequence 
of ideals dj = {/ G Ox,£ \ v(f) > v(fi)} would be strictly increasing. In particular, we see 
that there is a minimal v(f), where / varies over the maximal ideal of Ox,£- 

Let v G Valx, £ = cx(v) and m the maximal ideal of Ox,£- By m-adic continuity, 
v then extends uniquely as a semivaluation on the completion Ox,£, that is, a function 
v : Ox,t — > R>o U {+00} satisfying the usual valuation axioms. 
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If v G Valx, and if a is an ideaH on X, then we put v(a) := mmfv(f), where 
the minimum is over local sections of a that are defined in a neighborhood of c x (v). 
If Z is the subscheme defined by a, we also write this as v(Z). In fact, it turns out to 
be natural to instead view a valuation as taking values on ideals rather than rational 
functions. Let X be the set of nonzero ideals on X. It has the structure of an ordered 
semiring, with the order given by inclusion, and the operations given by addition and 
multiplication. The set R>o also has an ordered semiring structure, with operations given 
by minimum and addition. As above, a valuation v G Valx induces a function v : X — > R>o 
by v(a) := min{t>(/) | / G a ■ Ox,{\, where £ = cx(v), and this function is easily seen to 
be a homomorphism of semirings: 

v(a ■ b) — v(a) + v (b) and v (a + b) = min{t> (a), v(b)}. (1.1) 

Note that such a homomorphism is automatically order-preserving in the sense v(a) > v(b) 
if a C b. Indeed, a C b implies a + b = b. Moreover, the above homomorphism has £ as a 
center on X in the sense that v(a) > if and only if £ G V(a). Conversely, iff: X — > R>o 
is a semiring homomorphism admitting £ G X as a center, then t> induces a valuation 
in Valx centered at £. Indeed, if / G 0x,£, then we define v(f) := u(a) for any ideal o 
on X such that a ■ Ox^ is principal, generated by /. One can check that this is well- 
defined, and it extends to a valuation of K(X) having center at £. It is clear that these 
two maps between Valx and semiring homomorphisms X — > R> with center on X are 
mutual inverses. 

1.3. Divisorial valuations and log discrepancy. A distinguished role is played by 
the divisorial valuations ord^, where E is a divisor over X, that is, a prime divisor on a 
normal scheme Y, having a proper birational morphism ir: Y — y X. It follows from results 
on resolution of singularities in this setting (see |Temlj ) that we may always choose Y 
regular, with E a regular divisor. 

If 7r: Y — » X is a proper, birational morphism between schemes as above (both 
of them regular), we consider the th Fitting ideal Fitto(£V/x) °f the relative sheaf of 
differentials. Note that Fitt (fV/x) defines the exceptional locus of tc. As we will see in 
Corollary 11.41 below, this is a locally principal ideal, hence it defines an effective divisor, 
the relative canonical divisor K Y /x- The log discrepancy v4(ord£) is defined as 

A(ord E ) = ord E (K Y /x) + 1 = ord E (Fitt (£V/x)) + 1. 

The log discrepancy depends on the variety X; whenever there is some ambiguity, we 
denote it by A^ord^). 

There is some subtlety involved in the notion of log discrepancy in our setting, so 
we discuss this briefly, using some notions and results from |dFEMj . The difficulty comes 
from the fact that our schemes are not of finite type over a field. In order to deal with 
this issue, we first consider the case when the schemes are of finite type over a formal 
power series ring R — k[t 1 , . . . ,t n ], with k a field. For each such scheme X one introduced 
in |dFEMj a coherent sheaf of special differentials ^ r x /ki together with a (special) k- 
derivation d' : Ox —> Q'x/k- If £ G X is a regular point, then £t' x /kp ls a ^ ree C^x^-module 
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of rank dim(Ox,$) + dim^ Q' k ^y k , where is the residue field of £. Furthermore, if 
xi, . . . , x r form a regular system of parameters at £, then d'(xx)^, . . . , d'(x r )^ are part of a 
basis of ' x , k ^ . 

Suppose now that 7r : Y — > X is a proper birational morphism between schemes as 
above. If 77 G K and £ = 71(77) £ X, then the Dimension Formula (see |Matl Theorem 15.6]) 
gives dim(CV )r? ) = dim(Ox^) — t r deg(fc(r/)/fc(£)). On the other hand, there are exact 
sequences 

T 

^x/k,s ®e> x , 4 ®y, v ->■ ^y/fc.r, ~> ^y/x,r, ->■ 0, (1.2) 

Note also that by definition T(d'{x)®l) = d'(7T*(x)). We see that T is a morphism between 
free Cy^-modules of the same rank, hence Fitt (£V/x) ^ s generated at r\ by det(T). In 
particular, Fitt (fV/x) is a locally principal ideal. 

The next lemma will allow us to reduce the case of arbitrary excellent schemes to 
that of schemes of finite type over a formal power series ring over a field. 

Lemma 1.2. If X' , X , and Y are regular, connected, excellent schemes, and tt: Y — > X 
are \l: X' — > X are morphisms, with tt proper and birational, and \i regular, then the 
following hold: 

(i) Y' := Y x x X' is regular and connected, and the canonical projection tt' : Y' — > X' 
is proper and birational. 

(ii) We have Fitt (fty/X') = Fitt (fi y/X ) • O y >. 

Proof. Since \l is a regular morphism, its base-change v: Y' — > Y is regular, too. We 
deduce that Y' is a regular scheme, since Y has this property. It is clear that tt' is proper, 
has connected fibers, and is an isomorphism over an open subset of X'. Therefore Y' is 
connected and tt' is birational. The assertion in (ii) follows from the fact that fly'/x' — 
u*(Qy/x), while taking Fitting ideals commutes with pull-back. □ 

Corollary 1.3. With the notation in Lemma \1 . 2\ suppose r\ G Y, £ = Tx{rj), and /j: X' = 
Spec0x,§ — > X is the canonical morphism. If rj' G Y' = Y x x X' lies over the closed 
point £' G X' and over 77 G Y , then the following hold: 

(i) Oytf ®o y ,, k(v) = Hv); 

(ii) i/Fitto(fiy/x') is locally principal, then Fitto(f2y/x) is principal at rj; 

(iii) dim(0y/^/) = dim(CV,r;) and if yi, . . . , y s give algebraic coordinates at rj, then so 
do v* (yi), ... , v*(y s ) at rj' , where v : Y' — > Y is the base change. 

Proof. Note first that since X is excellent, the morphism \i is indeed regular, hence so is 
the base change v: Y' — > Y. The assertion in (i) follows from the fact that v(f)') = 77 and 
= k{0- We deduce from (i) that k{j]') = k(rj), and using Lemma [1.21 that 

dim fc( ^)(Fitt (fiy'/x') ® k(r)')) = dim fcW (Fitt (fiy/x) ® k(r))), 

hence the minimal number of generators of Fitto(fiy/x') at 77' and that of Fitto(Oy/x) at 
7/ are equal. This gives (ii). It also follows from (i) that the extension of the maximal ideal 
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in Oy,ri to Oyttf is equal to the maximal ideal. Since v is flat, this implies the equality of 
dimensions in (hi), and the last assertion is clear, too. □ 

Corollary 1.4. For every proper birational morphism n: Y — > X between regular, con- 
nected, excellent schemes as above, the ideal Fitto(fiy/x) is locally principal. 

Proof. Let us show that Fitt (£V/x) is principal at any given point 77 G Y. Let £ = n(rj), 
and consider the regular morphism [i: X' = Spec0x,£ — > X. We keep the notation 
in Corollary 11.31 By Cohen's structure theorem, Ox£ is isomorphic to a formal power 
series ring over hence as we have seen, Fitto(£V'/x') 1S locally principal. Therefore 
Fitto(fiyyx) * s principal at r\ by Corollary 11.31 □ 

Lemma 1.5. Let tp: Y' — >■ Y be a proper birational morphism between regular, connected, 
excellent schemes. Consider rf G Y' and 77 = <p(r]') G Y, and let us choose regular systems 
of parameters y = (yi, . . . , y r ) and y' = (y[, . . . , y' s ) at 77 and rj' , respectively. Suppose that 

s 

^(y i )=u i -H(y^, 

j'=i 

for every 1 < i < r, and suitable u% G Oyitf- If Dj denotes the closure ofV(y'j), then 

(i) we have A Y (ord D >.) > JJi=ihi> 

(ii) if r = s and if the image of each Ui in k(rf) is nonzero, then we have equality in (i) 
if and only if det(6jj) 7^ 0. 

Proof. Note first that we may assume that Y and Y' are schemes of finite type over a 
formal power series ring over a field. Indeed, let fi : Z — Spec Oy, v — > Y be the canonical 
morphism; this is regular since Y is excellent. Set Z' := Y' x Y Z and denote the two 
projections by //: Z' — > Y' and (p' : Z' — > Z. Let ( G Z denote the closed point, and let 
G Z' be a point such that //(CO — ^' an d y'(C') = C- ^ follows from Corollary 11.31 
that (n'*(yj))j gives a regular system of parameters at and it is clear that {n*{yi))i is 
a regular system of parameters at (. Using Lemma [1.2[ we see that it is enough to prove 
the statement for ip'. By Cohen's structure theorem, Oy )V is isomorphic to k(i])lt 1 , . . . , t r ], 
hence we may assume that Y and Y' are of finite type over a formal power series ring 
over a field. 

With notation analogous to (11.21) . we see that 

T(d\y e )) e B .n' YI/k ^ + J2^d'(y' J ), 

3 V i 

where B = Yl^iiVj)^'' j anc ^ ^ ne sum ^ s over those j with fojj > 0. The assertion in (i) 
follows from this and from our description of VLy/k-n and Sly/hrf- Furthermore, an easy 
(and well-known) computation shows that if r = s, and if we write det(T) = YYj^iy'j)^ '9-> 
where bj + 1 = Ym=i b%j f° r every j, then the image of g in k(r}') is equal to det(bij)-Y[ s i= i ^ 
where ui denotes the image of Uj, which is nonzero. This gives the assertion in (ii). □ 

Remark 1.6. The estimate in Lemma fL5l (i) was claimed without any details in the proof 
of [dFMl Proposition 2.2]. The sheaves of special differentials were introduced in [dFEM] 
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partly to explain this estimate. As we have seen above, when working with regular excellent 
schemes, one can always reduce to the case of schemes of finite type over a formal power 
series ring over a field. However, when considering also singular schemes, as in [dFEMj. 
the situation is more complicated, since the sheaves of special differentials also appear in 
the definition of the relative canonical divisor. 



An important result of |Temlj . generalizing Hironaka's theorem for varieties over 
a field, guarantees the existence of log resolutions in our setting: given an ideal a on X, 
there is a projective birational morphism tt : Y — > X such that Y is regular, a • Oy is the 
ideal of a divisor D, and D + Ky/x is a divisor with simple normal crossings. This is what 
allows one to develop the theory of multiplier ideals in this setting. 

Recall that given a nonzero ideal a and A G R>o, the multiplier ideal j7"(a A ) is the 
ideal on X consisting of those local sections / of Ox such that 

ord E (f) + A(ord E ) > A ■ ord^a) 

for all divisors E over X such that / is defined at cx(ords). In fact, it is enough to only 
consider those divisors E that appear on any given log resolution of a. This follows as in 
the case of schemes of finite type over a field once we have the inequality in Lemma IT~~5l (i) . 
We make the convention that if a = (0), then l 7(a A ) = Ox if A = 0, and it is the zero 
ideal, otherwise. 



1.4. Jumping numbers. For every ideal a on X, we index the jumping numbers of a, 
as follows. Given a nonzero ideal q on X, we consider the log canonical threshold of a with 
respect to q 

lct q (a) := min{A > | q % J(a x )} 

(with the convention lct q (a) = oo if a = Ox)- Note that when q = Ox, this is simply the 
log canonical threshold lct(o) and as we vary q, we recover in this way all the jumping 
numbers of a, in the sense of |ELSVj . It is convenient to also consider the reciprocals of 
these numbers. We define the Arnold multiplicity of a with respect to q to be Arn q (a) := 
lct q (a) _1 (if q = Ox, we simply write Arn(a)). If Z is the subscheme defined by a we 
sometimes write Arn q (Z) for Arn q (a). Note that Arn q (a) = if and only if a = Ox, and 
Arn q (a) = oo if and only if a = (0). 

Lemma 1.7. // n : Y — )■ X is a log resolution of the nonzero ideal a, and if a ■ Oy = 
Oy{— J2i a iEi) and K Y / X = Yli ^i^i, then for every nonzero ideal q 

a at \ a i ord Si (a) . s 

Arn q (a) = max — -- = max — - — - ' . . r . (1.4) 

i ^ + l + ord s .(q) i A(oTd E .) +ord £i (q) 

Moreover, we have 

(i) If a C b, then Arn q (a) > Arn q (b); 

(ii) Arn q (a m ) = m ■ Arn q (a) for every m > 1; 

(iii) Arn qi+q2 (a) = max != i i2 Arn qi (a); 

(iv) Arn q (a • b) < Arn q (a) + Arn q (b) for every ideals a and b. 
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Proof. Equation (11. 4p is a consequence of the description of multiplier ideals in terms of a 
log resolution. Properties (i)-(iii) follow from the definition whereas (iv) is a consequence 
of QX3). □ 

If the maximum in ( 11. 41) is achieved for Ei, we say that ord^ computes lct c, (o) (or 
Arn q (a)). It is natural to consider the invariants Arn q (a) also for q ^ Ox, since this case 
naturally appears when considering pull-backs by birational morphisms, as in 

Corollary 1.8. If (p: X' — >■ X is a proper birational morphism, with both X and X' 
regular, then for all ideals a, q on X, with q nonzero, we have 

Ami (a) =Arni'(a / )> 

where a' = a • O x > and q' = q • X '(—K X '/x)- 

Proof. If a = (0), then the assertion is clear. If this is not the case, let if': X" — > X' 
be a log resolution of a' • Ox<{— Kx'/x)\ in particular ip o if' is a log resolution of a. The 
assertion in the corollary follows from (11. 4p . using the fact that for every divisor E on X", 
we have ord E {K x »/x) = ord E {K x »/x>) + OYd E ((<f')*(K x >/x))- □ 

Proposition 1.9. Let a and q be nonzero ideals on X. Let if : X' — >■ X be a regular 
morphism and write a' := a-0 X ', q' := q ■ O x >- Then J {a' 1 ) = J{<^) ■ X ' for every t > 0. 
In particular, lct q '(a') > lct q (a) =: A with equality ifV(J(a x ): q) n f{X') ^ 0. Further, 
the latter condition holds if if is faithfully flat. 

Proof. Let ir: Y — > X be a log resolution of a, with a • Oy = Oy{—D). It follows from 
Lemma O that Y' = Y Xx X' is regular and connected, and tx' ': Y' — y X' is birational 
and proper (in fact projective, since it is projective). In addition, if i/j: Y' — > Y is the 
projection, then a' ■ Oy = Y >(-ip*{D)), and ip*(D) + K Y , /X > = rp*{D + K Y /x) has 
simple normal crossings. It now follows from base-change with respect to flat morphisms 
that J(a n ) = J (a*) ■ O x > for every t e R> . 

If < t < A, then q C J(ai), hence q' C J (a 1 ) ■ O x >- Therefore, lcti'(ai) > lct q (a.). 
Now suppose if~ l (V(J(a^) : q)) ^ 0. In this case, since if is flat we have (^(a"): q') = 
{J {a*): q) ■ O x < ^ O x >, hence q' g J(a n ) and so let"' (a') = A. Finally, note that since 
( i7( a .) : l) 7^ Ox, if ¥ is faithfully flat, then it is surjective, hence ip^ 1 (V (J (a^) : q)) is 
clearly nonempty. □ 



2. Graded and subadditive systems of ideals 
We now introduce the main objects that we wish to study. 

2.1. Graded sequences. A graded sequence of ideals a, = (a m )mez >0 is a sequence of 
ideals on X that satisfies a p ■ a q C a p+q for every p, q > 1. We always assume that such 
a sequence is nonzero, in the sense that a m ^ (0) for some m. Then S = S(a,) := {m e 
Z>o I dm 7^ (0)} is a subsemigroup of the positive integers (with respect to addition). By 
convention we put do = Ox- 



VALUATIONS AND ASYMPTOTIC INVARIANTS FOR SEQUENCES OF IDEALS 13 

Example 2.1. The most interesting geometric examples arise as follows: suppose that L 
is a line bundle of nonnegative Kodaira dimension on a smooth projective variety X. If 
a m is the ideal defining the base locus of L m , then (o m ) m >i is a graded sequence of ideals. 

Example 2.2. To any valuation v G Vsl* x , we can associate a graded sequence a, = a.(t> ) 
of valuation ideals given by a m (v) = {y > m}. More precisely, for an affine open subset U 
of X we have T(U, a m ) = {/ G 0* (17) | > m} if e*(r;) G C/, and T(U, a m ) = O x (U), 
otherwise. Note that a m is nonzero since v is nontrivial. 

Following |ELMNP] . one can attach asymptotic invariants to graded sequences of 
ideals, via the following well-known result. We include a proof, for the reader's convenience. 

Lemma 2.3. Let (a m ) m >i be a sequence of elements in R>o U {oo}, that satisfies a p+q < 
a p + a q f or a M V an d Q- If the set S := {m \ a m < oo} is nonempty, then S is a 
subsemigroup of Z >0 , and 

lim — = mi — . 

m—>oo,meS m m>l Tfl 

Proof. Let T := inf m >i a m /m. We need to show that for every r > T, we have a p /p < r 
if p ^> 0, with p G S. Let m be such that a m /m < r. It is enough to show that for every 
integer q with < q < m, if p = m£ + q G S with £ ^> 0, then a p /p < t. 

If there is no £ such that m£ + q G S, then there is nothing to prove. Otherwise, let 
us choose £ with m£ + q G S. For £ > £ we have 

OW+g < (Xmio+q + — ^o) 



m£ + g m£ + q 

Since the right-hand side converges to a m /m < r for £ — )■ oo, it follows that 

a * 3 <rfori'>0, 



m£ + g 

which completes the proof. □ 

Suppose now that a. is a graded sequence of ideals, and v G Valx- By taking 
a m = v(a m ), we define as in |ELMNP] 

v(a m ) ' 



v(a 9 ) := inf = lim . 

m>l m m^oo,me5(a.) m 

By the definition of a graded sequence we have v(a p+q ) < v(a p ■ a q ) = v(a p ) + v(a q ). 

Lemma 2.4. Let a.(v) be the graded sequence of valuation ideals associated to a nontrivial 
valuation v G Val^ . Then, for any w G Valx we have 

w(a.{v)) = mf — — , 

v{b) 

where b ranges over ideals on X for which v(b) > 0. In particular, v(a.(v)) = 1. 

Proof. Note first that if c := inf {w(b)/v(b) \ v(b) > 0}, then by definition we have 
w(a m (v)) > c- v(<Xm(v)) > cm. Dividing by m and letting m — > oo gives w(a,(v)) > c. For 
the reverse inequality, it is enough to show that for every e > 0, we have w(a,(v)) < c + e. 
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By definition of c, there is an ideal b on X such that v(b) > and w(b)/v (b) < c + e. For 
every m > 1, we have b m C a|_ m .«(b)j )■ Therefore w(aL m . 1) (b)j (f )) < m • u?(b), and so 

w(ai m . v ( b )\(v)) m ■ w(b) 



[m ■ v(b)\ [m ■ v(b)\ 

,jb) 

v(b) 



As m — > oo we get w(a,(v)) < < c + e. The last assertion about v is clear. □ 



Similarly, by taking a m = Arn q (a m ), where q is a nonzero ideal, we get 
Arn q (a.) := inf = lim Am ^\ 

m>l m m->oo,meS(o.) Ul 

The fact that the conditions in the lemma are satisfied follows from the defining property 
of a graded sequence, together with Lemma [1.71 (iv). 

We also write lct q (a.) = 1/ Arn q (a.) (with the convention lct q (a.) = oo if Arn q (a.) = 
0). Note that both v(a 9 ) and Arn q (a») are finite. 

Proposition 2.5. If X' — )■ X is a proper birational morphism, with both X and X' 
regular, then for every graded sequence of ideals a, on X , and every nonzero ideal q on 
X, we have 

Arn q (a.) = An/ (a'.), 

where a' m = a m • O x > and q' = q • O x >{-K x >/x)- 

Proof. The assertion follows by applying Corollary 11.81 to each a m ^ 0, and then letting 
m go to infinity. □ 

2.2. Subadditive systems. A subadditive system of ideals b, is a one-parameter family 
(bt)teR >0 of nonzero ideals satisfying b s+t C b s ■ b t for every s,t G R>o- Note that this 
implies b s C b t for s > t. By convention we put b = Ox- 

To any such system of ideals, we can associate various invariants via the following 
lemma (compare with Lemma 2.2 in [Musj ) . 

Lemma 2.6. If ip: R>o — > R>o is an increasing function such that ip(mt) > mip(t) for 
every t G R>o and m G Z >0; then lim^oo exists in R>oU {oo} ; and equals sup t>0 

Proof. It is enough to show that for every r < sup i>0 we have > r for t ^> 0. 



2& > r. We claim that ^ 

s t 

in this case if we choose m G Z>o such that ms <t<(m + l)s, then 



Choose s > such that > r. We claim that ^Y- > r as long as 1 — f > - z rr. Indeed, 

s t ° t <p(s) ' 



<P(t) > <p(ms) _ ms > (p(s)_ _ / _ ^ _ 



t ms t s V t. 

which completes the proof. □ 

The lemma applies to <p(t) := v(b t ) where v G Valx and b. is a subadditive system 
of ideals. Indeed, if s > t, then b s C b t and so v(b s ) > v(b t ). Similarly, b mt C b™, hence 
v(b mt ) > v{b™) = mv(b t ). We put v{b.) := lim^ 
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Example 2.7. We may have v(b,) = oo. For example, if a is the ideal defining a closed 
point £ G X, then we have a subadditive system of ideals b,, where bt = -I for all 
t > 0. It is clear that for every t> G Valx with cx(v) = £, we have f(b.) = oo. For more 
interesting examples, see §6.31 

Similarly, if q is a nonzero ideal, it follows from Lemma [1.71 that (p(t) := Arn q (b t ) 
satisfies the hypotheses in Lemma 121)1 We define the asymptotic Arnold multiplicity of b. 
with respect to q by Arn q (b.) := lim^ Arn ] (bt) . We also put lct q (b.) = 1/ Arn q (b.). 

One can give an alternative description of the asymptotic Arnold multiplicity: 
Proposition 2.8. If b, is a subadditive system of ideals, and if q is a nonzero ideal, then 

Amq (M = SU P 17 Tl E{bm \ 1 v (2-1) 
/ A{oid E ) +ord£(q)' 

where the supremum is over all divisors E over X. 

Proof. Given any divisor E over X, we have by Lemma [1.71 

a <uu \ ^ ord E (b t ) 
Arn q (bi) > —. — — — - . . . 
V * ; " A{ot& e ) + ord s (q) 

Dividing by t, and letting t go to infinity gives ">" in (12. ip . 

For the reverse inequality, fix r < Arn q (b.), pick t such that r < Arn q (b()/t, and 

\ _ ord E (b t ) 
J */ J 4(ord B )+ord B (q) ' 



choose a divisor E over X such that Arn q (b t ) = , f for Then 



Arn q (b i ) ord £ (b t ) ord E (b.; 

T < = ; T~, : — r^T < 



t t(A(oid E ) + ordij(q)) ~ A(ord E ) + ord s (q) ' 

which proves "<" in (EOl . □ 

As Example 12.71 indicates, the ideals b t in a subadditive system b. can "grow" very 
fast as t — > oo. On the other hand, as we shall see in the next subsection, this does 
not happen for subadditive systems arising from graded sequences. In order to formalize 
things, we introduce 

Definition 2.9. A subadditive system b. has controlled growth if 

oid E (b t ) A(ord E ) 

> ord£;(b.) (2.2) 

for every divisor E over X and every t > 0. 

In particular, if b. has controlled growth, ord^(b,) is finite for all E. 

Lemma 2.10. If b, is a subadditive system of controlled growth, then for every nonzero 
ideal q and every t > 0, we have 

Arn q (b i ) . a/r , 1 
^ > Arn q (b.) - -. 

t ~ y ' t 
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Proof. By the definition of Arn q (b.) it is enough to show that 

Arn q (bt) Arn q (b s ) 1 
t > a t 

for every s > 0. Choose a divisor E over X such that Arn q (b s ) = A^&Ef+ordEiq) • Using 
Lemma [L71 and condition (12.21) . we deduce 



Arn q (b f ) > ord E (b t ) > ford E (b s ) A(ord E )\ 1 



t(A(ord £ ) +ord B (q)) V s t J A(ord E ) + ord £ (q) 

Arn q (b s ) 1 A(ord E ) Arn q (b s ) 1 

s t A(ord E ) + ord_g;(q) ~~ s i' 
concluding the proof. □ 

Corollary 2.11. Ifb, is a subadditive system of ideals of controlled growth, then Arn q (b.) 
is finite for every nonzero ideal q . 

2.3. Asymptotic multiplier ideals. Recall that the asymptotic multiplier ideals of a 
graded sequence a, are defined by b t : = J7"( a .) := J'( a m m ), where m is divisible enough 
(depending on t > 0). We have a m C b m for all m and it follows from the Subadditivity 
Theorem that (b t ) i>0 is a subadditive system of ideals. As above, we set b := Ox- For 
more about graded sequences and their corresponding asymptotic multiplier ideals we 
refer to [Lazj . 

Next we show that the asymptotic invariants lct q (a.) can be described in terms of 
the jumps of the system b.: 

Proposition 2.12. If a, is a graded sequence of ideals, and b. is the system of asymptotic 
multiplier ideals of a,, then 

lct q (a.) = min{A > | q % b A } 

for every nonzero ideal q . 

Proof. By definition, lct q (a.) = sup m>1 m ■ lct q (a m ). Hence t > lct q (a.) if and only if 
t/m > lct q (a m ), or, equivalently, q % J(am n ) for all m. On the other hand, we have 
J^idm" 1 ) C b t , with equality if m is divisible enough. The result follows. □ 

We now compare the invariants defined for a. and for the corresponding system of 
asymptotic multiplier ideals b,. In the process we will see that b. has controlled growth. 

Proposition 2.13. If a, is a graded sequence of ideals, and b. is the corresponding sub- 
additive system given by the asymptotic multiplier ideals of a,, then: 

(i) the system b. has controlled growth; 

(ii) we have ord^(a») = ord^(b.) for every divisor E over X . 

We shall later extend (ii) and show that v(a.) = v (b.) for many non-divisorial 
valuations v G Valx- See Proposition 16.21 
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Proof. Given t > 0, consider m such that bt = J^(ciJi m ). By the definition of multiplier 
ideals, we have ord^( l 7(am m )) > t ■ ord ^ n '"- > — A(ord E ), hence 

ord E (b t ) ord E (a m ) A(ord E ) A(oid E ) 

t > 7 ^ oTa E {a.) • {^-o) 

t m t t 

By letting t go to infinity in ( 12. 3 j) we get ord^b.) > ord^(a.). On the other hand, 
since a m C b m for every m, we deduce ord^(b m ) < ordE(a m ). Dividing by m and letting 
m go to infinity gives ord£(b.) < ord^(a.). Therefore we have (ii), and now the assertion 
in (i) follows from ( 12. 3ft . □ 

Proposition 2.14. If a, is a graded sequence of ideals, and q is a nonzero ideal, then 
Arn q (a.) = Arn q (b.), where b. is the subadditive system given by the asymptotic multiplier 
ideals of a. . 

The case q = Ox is Theorem 3.6 in |Musj . We include the proof of the general 
case for the convenience of the reader. The key ingredient is the lemma below, which 
corresponds to Lemma 3.7 in [Mus]. 

Lemma 2.15. If a and q are nonzero ideals on X, then Arn c, (J r (a A )) > A • Arn q (a) - 1 
for every A G R>o- 

Proof. Write J = J(a x ). It follows from the definition of the multiplier ideal that ord^( J) > 
A ■ ord s (a) — ^ord^) for any divisor E above X. Since ordg(q) > 0, this implies 

ArnV)> T( T^ {J \ rt E{ *\ <, ~ l - 

A(ord E ) + ordij(q) ~ A(ord E ) + ordij(q) 

We obtain the desired inequality by picking E that computes Arn q (a). □ 

t/m\ 



Proof of Proposition \2. JA Given t > 0, let us choose m such that b t = 3{&m )• We 



deduce from Lemma 12.151 that 

Am\b t ) > t ■ Amq(am) - 1 > t ■ Arn q (a.) - 1. 

m 

Dividing by t and letting t go to infinity gives Arn q (b.) > Arn q (a.). The opposite in- 
equality follows from the definition of asymptotic Arnold multiplicities and the inclusions 
dm Q b m for all m. □ 

Corollary 2.16. If a, is a graded sequence of ideals and q is a nonzero ideal, then 

Arn q (a ) - sud Qrdg ( a ») 

where the supremum is over all divisors E over X . 

Proof. The assertion follows by combining Propositions 12. 8[ 12.131 and 12.141 □ 

3. QUASI-MONOMIAL VALUATIONS 



We now want to extend the considerations in ^H-^S] from divisorial to general real 
valuations. As an important intermediate step, we first study quasi- monomial valuations. 
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3.1. Quasi-monomial valuations. Let X be a scheme as before. A quasi-monomial 
valuation in Valx is a valuation that is monomial in some local coordinates on some 
birational model of X. For further reference, we shall describe this concept in detail. 

Suppose that it: Y — )■ X is a proper birational morphism, with Y regular and 
connected, and y = (yi, . . . , y r ) is a system of algebraic coordinates at a point 77 G Y. We 

use the notation y 13 = nl=i^i wnen P — 0#i> • ■ ■ > AO £ Z> , and (a, /3) := $^I=i 
when a, /3 G R r . We also write a < (3 as a shorthand for «j < /3 f , 1 < i < r. 

Proposition 3.1. To every a = (a\, . . . , a r ) G R> one can associate a unique valuation 
val a = valy tCt G Valx with the following property: whenever f G Oy, v is written in Oy, v as 
f = J2fsez r c py^ '' ' with eac h c p e ®y,t) either zero or a unit, we have 

val a (/) = min{(a,/3) | c^O}. (3.1) 

The function R> 3 a — > val a (/) is continuous for each f G K(X). Furthermore, suppose, 
after re-indexing, that Oj > for 1 < % < r' and oti = for r' < i < r and let rj' be the 
generic point of f) 1<i<r , V(yi). Then we have: 

(i) the center ofval a on Y is 7/ ; in particular, val Q is the trivial valuation if and only 
if cti = for 1 < i < r; 

(ii) if y' = (y[, . . . ,y' r ,) is a system of algebraic coordinates at 7/ such that V^y'j) = 
V{yi) at 7]', then val Q = val^,...^)^,...^,)/ 

(hi) if v & Valx is a valuation whose center ( on Y is contained in the closure of rj 
and such that v(yi) = oti for 1 < i < r' , then v(f) > val a (f) for all f G Oy^ . 

A valuation as above is called a quasi- monomial valuation. Note that the trivial 
valuation on X is considered quasi- monomial. 

Proof. Let us say that an expansion of / G Oy^ as / = ^pCpy 13 , with eg G Oy tV , is 

admissible if, for each (3, c p is either zero or a unit. Any / G Oy^ admits an admissible 
expansion. Indeed, by Cohen's structure theorem there exists a (non-canonical) isomor- 
phism 1 : Oy^ ^> k(r))lyi, . . . , y r ], where kirf) is the residue held of Oy jV . Fix such an 
isomorphism for the duration of the proof. If t(f) = ^pd-py^ with ag G k(r]), then 
/ = cpV 13 w hh C/3 = i _1 (a/3) is an admissible expansion. 

In general, / may admit many admissible expansions but we claim that the quantity 
min{(a,/3) | eg 7^ 0} is the same for all of them. To see this, again write i(f) = J2p a /3V 
with G k(r]). It suffices to prove that 

min{(a, 0) | cp ^ 0} = min{(o, fl) \ a p ± 0}. (3.2) 

Write i{cp) = c Pl y 7 , so that ap = J2-y<p c i,P-i- O n the one hand, if ap 7^ then there 
exists 7 < (3 such that c 7 7^ 0. On the other hand, if ap = and c 7 = for all 7 < /3, 
7 7^ /3, then cg = and hence cp = 0. These two remarks imply (13.21) . 

Now, it is a standard fact that ^^apy 13 — > min{(a,/3) | ap 7^ 0} defines a (mono- 
mial) valuation on the formal power series ring k{rj)\yi, . . . ,y r }. We thus see that val a is 
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a well defined valuation on Oy. v - The uniqueness statement of the lemma is clear since 
every / £ Oy£ admits an admissible expansion. 

It follows from (13.1 j) that a H- val a (/) is continuous for / £ Oy tV and hence also for 
all / £ K{X). It remains to prove (i)-(iii). 

The valuation val a is nonnegative on the local ring Oy,rf and positive on the maximal 
ideal. By definition, the center of val Q on Y is then equal to rj', proving (i). 

To prove (ii), we first consider the case when y\ = yi for 1 < % < r' . Write v := 
val( yij _ i2/ ,),( aii ... lQ ! ,)■ Then the valuations val a and v in Valx both have center rj' on Y. We 
must prove that val a (/) = v(f) for all / £ Qytf- By continuity of a — > val a (/), we may 
assume that the numbers ai, ... ,a r i are rationally independent. By my jr/ /-adic continuity, 

val Q and v extend uniquely as (semi)valuations on Oy tTj i and give value zero to any element 
not in the maximal ideal of this ring. Now consider an expansion 

/ = E c ^ 

/36Z r >0 

with C/3 £ Oytf either zero or a unit. When cp ^ 0, we have val Q (c / 3?/ /3 ) = v(cpyP) = (a, f3). 
Moreover, as (3 varies, these values are all distinct and they tend to infinity as Y!h=i Pi ~* 
oo. It then follows that val Q (/) = v(f) = min ca ^ (a, (3). 

In order to prove (iii) we may by the preceding step assume that r' = r, that is, 
ai > for 1 < i < r. Let us further reduce (iii) to the case ( = rj. If £ ^ rj, then there exist 
s > r and y r+ i, . . . ,y s £ Oy^ such that (?/!,..., y s ) is a system of algebraic coordinates 
at £. Set aj = v(yi) > for r < i < s. By what precedes, val Q = val( 3/l! ... )2/s ) ) ( Q , lr .. )a , r) o... 1 o), 
so it follows from (13 .ip that val( air .. )2/s ) ! ( ai) ... )Q , s ) > val Q on Oy^. Hence it suffices to show 
that v > yskl( yij ..., ya )j ai ,...,a s ) on Cy,c- m other words, we may assume that ( = rj. Now, 
v £ Valx having center ( = rj on Y implies that v extends uniquely as a semivaluation 
v : Oy >ri — > R> U{oo} and if / = ^ c^y 13 is an admissible expansion, then v^c^y 13 ) = (a, (3) 
for all (3 such that cp ^ 0. This easily implies v(f) > val Q (/), proving (iii). 

Let us finally prove (ii) in general. By the special case proved above, we may again 
assume that r' — r and rj' = rj. Write val' Q = val y ' r .. )2/ j, iai! ... iar . We have y[ = Uiyi with Ui 

a unit in Oy tV . Hence val^(yj) = val^(yQ = a^. By (iii), this implies val' a > val a on Oy tV . 
By symmetry we then get val' Q = val a , which completes the proof. □ 

In practice, instead of considering systems of coordinates, it is more convenient to 
consider simple normal crossing divisors. Borrowing terminology from the Minimal Model 
Program, we introduce 

Definition 3.2. A log-smooth pair over X is a pair (Y,D) with Y regular and D a re- 
duced effective simple normal crossing divisor, together with a proper birational morphism 
7i~ : Y — > X which is an isomorphism outside the support of D. 

The set of (isomorphism classes of) log-smooth pairs over X admits a partial order- 
ing: we say that (Y',D') >z (Y,D) if there exists a birational morphism ip: Y' — > Y over 
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X with Supp(-D') D Supp(</?* (D)). Under this ordering, any two log-smooth pairs can be 
dominated by a third, and any log-smooth pair dominates (X, 0). 

Remark 3.3. Suppose that we have a birational morphism W — > X, with W regular, 
and Dw a reduced, simple normal crossing divisor on W. By Nagata's compactification 
theorem (see |Conj ). there is a proper birational morphism tt: Y — > X such that W is 
isomorphic over X to an open subset of Y. By [Tem2] . we may resolve the singularities 
of Y by a resolution that is an isomorphism over W, and therefore assume that Y is 
regular. Given any such Y, we can find a reduced divisor D on Y whose restriction to 
W is D w , and whose support contains the exceptional locus Exc(7r) of it. Since D w has 
simple normal crossings, it follows from |Tem2j that there is a proper birational morphism 
ip: Y — > Y that is an isomorphism over W U (Y s Supp(D)) such that Y is regular and 
D := (f*(D) rc< i has simple normal crossings^. In this case (Y, D) is a log-smooth pair over 
X, extending (W, D w ). 

We denote by QM V (Y,D) the set of all quasi-monomial valuations v that can be 
described at the point i] G Y with respect to coordinates yi,...,y r such that each yi 
defines at r\ an irreducible component of D (hence r\ is the generic point of a connected 
component of the intersection of some of the Di). We put QM(Y, D) = |J QM V (Y, D). 

Remark 3.4. Every quasi-monomial valuation belongs to some QM(Y,D). Indeed, sup- 
pose the valuation v is defined in coordinates y±, . . . ,y r at r\ and let Di be the closure of 
the divisor defined by (yi). Since D = Yli-Di has simple normal crossings in a neighbor- 
hood W of r), it follows from Remark 13.31 that there is a log-smooth pair (Y, D) over X 
extending (W,D\ W ). Then v G QM(Y,D). 

Definition 3.5. A log-smooth pair (Y, D) is adapted to a quasi-monomial valuation v if 
v G QM(Y, D). It is a good pair adapted to v if the values v(Di) that are strictly positive 
are also rationally independent. 

The following technical lemma ensures the existence of good pairs. 

Lemma 3.6. Let v G Valx be quasi-monomial and consider a pair (Y,D) adapted to v. 
Let Di, . . . , D r be the irreducible components of D containing rj = Cy(v). 

(i) If (Y,D) is a good pair adapted to v and (Y',D') >z (Y,D), then (Y',D f ) is also 
a good pair adapted to v. Further, rj' = cy(v) is the generic point of a connected 
component of the intersection of exactly r irreducible components Dp 1 < j '• < r 
of D' , and if (p: Y' — >- Y is the corresponding morphism, then we can write 

r 

<p*(Di) = + K i = 1, • • • , r. (3.3) 

j'=i 

Here E[ is an effective divisor on Y' whose support does not contain rj' and the 
r x r matrix (bij) has nonnegative integer entries and nonzero determinant. 



3 Actually, the statement in |Tem2] only asserts that <p*(D) has normal crossings. However, resolving 
a normal crossing divisor is standard, so one can obtain the statement that we need. 
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(ii) There always exist a good pair (Y', D') >z (Y, D) adapted to v and irreducible com- 
ponents D[, . . . , D' r of D' such that the representation (13. 3p holds. More precisely, 
v G QM /(y , D') , where rf , lying overrj, is the generic point of a connected com- 
ponent of D[ fl • • • n D' r , each E\ is an effective divisor whose support does not 
contain rj 1 ' , and the r x r matrix has nonnegative integer entries and nonzero 
determinant. Further, there exists s < r such that cy{v) is the generic point of a 
connected component of D[n ■ ■ ■ PI D' s . 

The construction of the morphism tp: Y' — > Y in (ii) is toric in nature. The number 
s is the rational rank of v; see §3.21 

Proof. In (i), let D$, 1 < i < M and Dj, 1 < j ' < N be all the irreducible components 
of D and D', respectively. We have p*Di = J2jbijD'j for nonnegative integers bij. After 
re-indexing, we may suppose that v(Di) > and v(D'j) > if and only if i < r and 
j < s, respectively. Note that cy(t>) is the generic point of a component of C\ i<r D% and 
c Y '(v) G C\j<s D 'j- Since v{ c y>{v)) = c Y (v), we have dim(0 Y , CY (v)) > dim(Oy/ iCy/( „)) by 
the Dimension Formula (see [Mat I Theorem 15.6]), hence s < r. But, by assumption, the 
values f(-Dj) = Y^ S j=i^ij v {^'j)i * — r are rationally independent. This implies that s = r, 
that cy'iy) is the generic point of a component of f]j <r D'j, that the matrix (6j J )[ J=1 has 
maximal rank r, and that the values v(D'j), 1 < j < r are rationally independent. This 
completes the proof of (i). 

We now turn to (ii). Given a system of coordinates y = (yi, . . . ,y r ) at 77 = cy(t>) 
such that Di = V(yi), we get a morphism h: Spec(CV )r? ) — > Spec(0A r ,o)- Note that h is 
formally smooth, and since Oa^,o is excellent, it follows by the main theorem in [And] that 
h is a regular morphism. We call a proper birational morphism ip: Y' — >■ Y toroidal (with 
respect to y f^ if there is a proper birational morphism of toric varieties ip: Z — Z(A) — > 
Aq, with Z regular, such that <p and ip induce isomorphic schemes over Spec(CV jT? ) via 
base-change. The morphism ip is defined by a fan A refining the standard cone defining 
Aq, and the fact that Z is regular is equivalent with A being regular, which means that 
each cone of A is generated by part of a basis for Z r (we refer to [Fulj for basic facts on 
toric varieties and toric morphisms^l) . Note that since h is a regular morphism and Z is a 
regular scheme, Y' is regular in a neighborhood of v 9 " 1 C 7 ?) • O n Y' we have finitely many 
distinguished points lying over rj (corresponding to the torus- fixed closed points on Z). 
At each of these points we have a system of toroidal coordinates y' = (y[, . . . , y' r ) induced 
by the toric coordinates at the corresponding point on Z (we use again the fact that h is 
regular). These are uniquely determined up to reordering. One can write yi = YljiVj)^' 3 '> 
with G Z> , and det(6 i; j) = ±1. 

Starting with a toric proper birational morphism Z — > Aq, with Z regular, there 
exists a log-smooth pair (Y f , D') dominating (Y, D), such that we have Y' x y Spec Oy, v — 
Z x A r Spec Oy-n, and such that the toroidal coordinates on Y' define irreducible compo- 
nents of D' . This is a consequence of Remark 13.31 

4 This is an ad-hoc definition, although related to the usual notion of toroidal morphism, see [KKMS . 
5 While in [Fulj one works with toric varieties over C , all basic constructions extend to arbitrary ground 
fields. 
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Given a toroidal morphism ip: Y' — > Y corresponding to Z = Z(A) — > Aq, we 
have an affine open cover of Y' = Spec Oy^ x Y Y' by subsets Ui, induced by the toric 
affine open subsets on Z. If 7/ = cy{v), then ip(r]') = i], hence there is % such that 
rf G Ui. We have toroidal coordinates y' = (y[, . . . ,y' r ) on Ui such that = Ylj(y'j) bi ' j j 
with bij G Z> , and det(6jj) = ±1. Since rj' G Ui, it follows that a\ := v(y' i ) > 0, and we 
have ctj = Since the matrix (6ij)ij=i induces a bijection between the monomials 

in 7/ and the monomials in y, it is clear that in terms of the coordinates on Y' we have 
v = valy' t a'. In particular, if (Y',D') is a log-smooth pair such that the closure of each 
V(y' i ) is a component of D', then (V, D') is adapted to v. 

To complete the proof of (ii) it therefore suffices to prove the following statement. 
Let a = (ai, . . . , a r ) G R> be any vector and set s := diniQ J2i Q a i- Then there exists 
a regular fan A in Z r refining the standard fan Ao defining Aq such that a belongs to 
the relative interior of a cone of dimension s. To construct A, first pick a vector space 
Wq C Q r of dimension s such that a G W := W/q ®q R. Let o\ be any rational simplicial 
s-dimensional cone o\ C R> n containing a in its interior. Let Ai be any simplicial 
fan refining Ao and having <j\ as one of its cones. Now refine Ai to a regular fan A using 
barycentric subdivision as in |Fult §2.6]. Then A will contain a cone a C o\ containing a 
in its interior. 

Alternatively, the toric birational morphism Z(A) — > Aq can be constructed ex- 
plicitly using Perron transformations as in [Zar[ Theorem 1]. □ 

It follows from Lemma 13.61 that given finitely many quasi-monomial valuations 
Vx,...,v m in VaLx, there exists a pair (Y,D) which is good and adapted to all the t>j. 
Furthermore, given finitely many ideals Oi, . . . , a p on X, we may assume that (Y, D) gives 
a log resolution of the product a = a± ■ . . . ■ a p : this means that Y — > X is a log resolution 
of a with the inverse image of V(o) being contained in the support on D. 

3.2. Abhyankar valuations. Next we recall how to recognize a quasi- monomial valua- 
tion algebraically, in terms of its numerical invariants. This will be very useful in the sequel. 
The rational rank ratrk(t>) of a valuation v G Valx is equal to dmiQfT^zQ), where Y v : = 
v(K(X)*) is the value group of v. If k v and are the residue fields of the valuation ring 
O v and of Ox,£, respectively, where £ = cx(v), then the transcendence degree of v is de- 
fined as trdeg x (f ) = trdeg(fc„/fc(£)). Note that if 7r: Y — > X is proper and birational, with 
Y regular, and 77 = cy(v), then dim(Oy >7? ) = dim(Cx^) — t r deg(fc(?7)/£;(£)) (this follows 
from the Dimension Formula since tt is birational, see [Matt Theorem 15.6]). This formula 
can be used to deduce that trdeg x (t> ) is the maximum of dim(Ox, Cx (v)) ~ dim(Oy )Cy ( t ,)), 
where the maximum is over all morphisms Y — > X as above. 

In this setting, the Abhyankar inequality holds (see |Vaq] ) : 

ratrk(?j) + trdeg x (?j) < dim(C x>? ). (3.4) 

A valuation for which equality is achieved is an Abhyankar valuation. Another application 
of the Dimension formula implies that if tt: Y — » X is proper and birational, with Y 
regular, then v is an Abhyankar valuation over X if and only if it is an Abhyankar 
valuation over Y. 
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Proposition 3.7. A valuation v G Valx is an Abhyankar valuation if and only if it is 
quasi-monomial. Moreover, in this case there exists a good log-smooth pair (Y, D) adapted 
to v such that n(D) C cx{v), where n: Y — > X is the associated birational morphism. 

Proof. Let £ = cx(v). First suppose v is quasi-monomial and pick a good pair (Y,D) 
adapted to v. Let Di, . . . , D r be the irreducible components of D containing the center 
7] = cy(v). Then dimOy^ = r. By assumption, the values v{D i ) 1 1 <i <r, are rationally 
independent, so ratrk(f) = r. On the other hand, trdeg y (t>) = 0. Thus v is an Abhyankar 
valuation. 

Conversely, it was shown in [ELSj that every Abhyankar valuation v is quasi- 
monomialj^ We sketch the main idea in the proof, slightly modified in order to guarantee 
7i(D) C £. Note that we may blow-up any closed subset of £: the resulting W over X 
might be singular, but we may replace W by W — > W that is an isomorphism over X \ £, 
with W regular. 

Let J denote the ideal defining £. One knows that if v is an Abhyankar valuation 
of K(X), then the value group T v is a finitely generated free abelian group. We first 
find a proper birational morphism Y — > X that is an isomorphism over X \ £, with Y 
regular, such that dimOx^ — dim Oy %r] = trdeg x (f), where r] = cy(v), and there are 
/l; • • • j fr £ Cy.r? such that • • • , v(f r ) give a basis of r„. Indeed, in order to obtain 

both conditions, it is enough to perform finitely many times the following operation: given 
g,h G Ox,£, we blow-up a closed subset in £ to get W — > X such that there is Q G Ow,c w (v) 
with v(Q — > or v (Q - -) > 0. For this it is enough to blow-up the subscheme defined 
by (g,h) + J N , where N ■ v(J) > ma.x{v(g),v(h)}. 

Suppose now that Y is as above, and the fa are defined in a neighborhood U of £, 
and consider any regular Y' with y?: V — > Y proper and birational such that <y9 -1 ([/) — > U 
is a log resolution of nl=i((/i) + J N )i where N ■ v(J) > maxi{v(fi)}. One can easily see 
that if r]' = cy/(v), then we have coordinates y[, . . . , y' r at rj' such that 

((/,) + j n ) ■ o YI>v , = (jj(yd bi3 j » with h v e z >o and det (^) = ±x ' ( 3 - 5 ) 

and v(y[), . . . ,v(y' s ) are linearly independent over Q. It is then clear that v is equal to 
the quasi-monomial valuation attached to (v(y[), . . . , v (y' r )) in this system of coordinates. 
One more application of Remark 13.31 gives the conclusion of the proposition. □ 

Remark 3.8. The trivial valuation is quasi- monomial with rational rank zero. 

Remark 3.9. A valuation is divisorial, that is, a positive multiple of a valuation ord^, if 
and only if it is quasi-monomial with rational rank one. In particular, a nontrivial valuation 
v G QM(Y, D) is divisorial if and only if there exists t G R>o such that v (Di) G tQ for 
all i. Thus the divisorial valuations are dense in QM(Y, D). 



6 While in [ELS] one considers an algebraic variety over a field, the proof therein also works in our 
more general framework. 
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3.3. Completion and field extension. Using the numerical invariants, we now show 
that the set of quasi-monomial valuations is preserved under two important operations: 
localization followed by completion; and algebraic field extensions. 

Lemma 3.10. Let £ be a point on X, and consider the canonical morphism ip: X' = 
Spec R — > X, where R = Ox^- If V £ Valx' has center the closed point, and if v E Valx 
is induced from v' by restriction, then trdeg X /(V) = trdeg x (f ) and ratrk(f') = ratrk(u). 
In particular, v is quasi-monomial if and only if v' is quasi-monomial. 

Proof. If m is the maximal ideal in R, then a := v'(va) > 0. Given / £ R, let g £ 
Ox,£ be such that (/ — g) £ m n , where na > v'(f). In this case v'(f — g) > v'(f), 
hence v'(f) = v'(g). This shows that v' and v have the same value groups. In particular, 
ratrk(f') = ratrk(f). 

Denote by (0 v /,ttv) and (O v ,va v ) the valuation rings corresponding to v' and v, 
respectively. The equality tvdeg x ,(v') = txdeg x (v) is equivalent to the field extension 
O v /m v ^ O v '/m v > being algebraic. In fact, we will show that O v /m v = O v '/m v >. Given a 
nonzero u £ O v >, write u — jr-, with /, fi £ R. As above, let us consider g, gi £ Ox^ with 
v'(f-g) > v'(f) and v'{f\ —gi) > v'(fi). In particular, we have v'(f) = v'(g) and v\f\) = 
v'( 9l ). Since X _ A = MdM and ^ (/ ^ _ = _ g)gi + ^ _ > 

it follows that the class of jfj- in O v > /my' lies in C^/m^. This completes the proof. □ 

Lemma 3.11. Let k G K be an algebraic field extension, and ip: — > A^ the corre- 
sponding morphism of affine spaces. Suppose that v' is a valuation of K(xi, . . . ,x n ) with 
center on A^, and let v be its restriction to k(x±, . . . , x n ). Then trdeg A n(f ) = trdeg A ™ (V) 
and ratrk(v) = ratrk(f ') . In particular, v is quasi-monomial if and only if v' is quasi- 
monomial. 

Proof. Let (O v ,m v ) and (O v ',m v /) be the valuation rings of v and v', respectively. Note 
that we have a local homomorphism O v ^ O v >. Since the extension k[xi,...,x n ] > 
K[xi, . . . ,x n ] is integral, in order to show that trdeg A n(t>) = trdeg A « (v r ) it is enough to 
show that the field extension O v /m v ^ O v //m v ' is algebraic. Given / £ O v >, there is an 
equation 

m 

J2cif = 0, (3.6) 

i=0 

with q £ k(xi, . . . , x n ) not all zero. If v(cj) = minj v(ci), then Cj/cj £ for all i. Dividing 
by Cj in (13. 6p . we see that / £ O v r/m v i is algebraic over O v /m v . 

Since k(xi, . . . , x n ) C . . . , x n ), in order to show that ratrk(t>) = ratrk(ti') it is 

enough to show that for every / £ K[xi, . . . , x n ], some integer multiple of v'(f) lies in the 
value group of v. Consider an equation (13. 6p satisfied by /. We can find i ^ j such that 
v'(cif l ) = v'(cjp). Hence (j — i)v'(f) = v(ci) — v(cj) lies in the value group of v. □ 

4. Structure of valuation space 

Next we investigate the structure of the valuation space Valx- We show that it is a 
projective limit of simplicial cone complexes and endowed with a natural integral affine 
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structure. This gives a way of approximating a valuation by quasi-monomial valuations. 
Our discussion largely follows [BFJl], with some details added and some modifications 
made due to the fact that our setting here is slightly different. See also \KS\ IThu2| |Pay[ 
IBFJ2] . 

4.1. Topology and ordering. Recall from §1] that we can view the elements of Valx 
either as real valuations of the function field of X or as R>o- valued homomorphisms of the 
semiring of ideals on X. This leads to two natural topologies r and a on Valx- Namely, 
a is the weakest topology for which the evaluation map Valx 3 v —> ff(v) := v(f) is 
continuous for all nonzero rational functions / on X. Similarly, r is the weakest topology 
for which the evaluation map Valx 3 v — > (p a ( v ) '■= v (&) is continuous for all nonzero 
ideals a on X. 

Lemma 4.1. The two topologies a and r defined above coincide. 

Proof. First suppose that X is afline. Since v(f fg) = v(f) — v (g), we see that a is the 
weakest topology that makes all maps tpf, with / £ 0(X), continuous. In particular, r is 
finer than o. On the other hand, if an ideal o is generated by fx, . . . , f r , then (p a = mhij iff.. 
Therefore a is finer than r, which completes the proof in the afline case. 

Next, note that if U is an open subset of X, then the two topologies on Val^ C Valx 
are just the subspace topologies with respect to a and r on Valx- For a this is clear, while 
for r this follows from the fact that every coherent ideal sheaf on U is the restriction of 
a coherent ideal sheaf on X. 

Now, if U C X is open and afline, VdXjj C Valx is closed in Valx in both the a and 
t topologies. Indeed, if J is the ideal defining X \ U, with the reduced scheme structure, 
then Val^ = {v £ Valx | v(J) = 0}, hence is r-closed. On the other hand, we also have 
VaLy = f)hGO(u){ v e Valx | v(h) > 0}, hence Val^ is also a-closed. If we cover X by 
finitely many afline open subsets C/j, we now deduce the assertion in the lemma for X 
from the assertion for the □ 

Remark 4.2. It follows from the above proof that the map 

Valx 3 v ^ c x (v) E X 

is "anticontinuous" in the sense that the inverse image of any open subset is closed. 

Definition 4.3. If v,w £ Valx, then we say that v < w if v(a) < w(a) for all (nonzero) 
ideals a on X. 

This clearly defines a partial ordering under which the trivial valuation is the unique 
minimal element. Note that this order relation depends on the model X. 

Lemma 4.4. We have v < w if and only if r] := cx(w) € cx(v) and w(f) > v(f) for any 
f e O x , v . 

Proof. Let £ := c x (v). First suppose v < w. If J is the ideal defining £ with the reduced 
scheme structure, then w(J) > v(J) > 0, so r\ e £. Pick / e Ox, v ^ ®x,£ and let a be an 
ideal on X for which a-Ox, v is principal, generated by /. Then v(f) = v(a) < w(a) = w(f). 
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Conversely, suppose rj e £ and that v(f) < w(f) for / E Ox,-q- For any ideal a we 
then have v(a) = mm fea . 0xi v(f) < min fea . 0xri v(f) < mm f€a . 0xv w(f) = w(a). □ 

4.2. Simplicial cone complexes and integral afRne structure. Next we investigate 
the structure of the subset QM(Y, D) C Valx for a given log-smooth pair (Y, D) over X. 

Lemma 4.5. // (Y, D) is a log-smooth pair over X , and if rj is the generic point of a 
connected component of the intersection ofr irreducible components D%, . . . , D r of D, then 
the map QM V (Y, D) — > R r defined by v — > (v(Di), . . . ,v(D r )) gives a homeomorphism 
onto the cone R> - 

Proof. It is clear that this map gives a bijection of QM V (Y,D) onto R> - The map is 
continuous since by definition of the topology, v — > v(Di) is continuous for each i. The 
continuity of the inverse map follows from Proposition 13 . 11 □ 

Thus QM(Y, D) is the union of finitely many simplicial cones QM r? (F, D). Each of 
these cones is closed in QM(Y, D). Indeed, QM T? (F, D) consists of those v e QM(Y, D) 
such that v(Dj) = for Dj ^ i], and such that cxiy ) does not lie on any of the connected 
components of P) D 3r ,Dj not containing rj (for the fact that these are closed conditions, 
see Lemma [4.11 and Remark 14.21) . This allows us to view QM(Y, D) as a simplicial cone 
complex. 

Following [KKMSJ one can equip QM(Y, D) with an integral afline structure. We 
shall not discuss this in detail here, but simply define an integral linear function on 
QM(Y, D) to be a map QM(Y, D) — > R whose restriction to each QM V (Y, D) is integral 
linear under the homeomorphism in Lemma 14.51 We can similarly define integral linear 
maps QM(F', D') — > QM(Y, D) (in this case we require that each QM r/ /(F / , D') is mapped 
to some QM V (Y, D)). Every such map is continuous. 

4.3. Retraction. Given a log-smooth pair (Y, D) over X, we define a retraction map 

r Y:D : Valx ->■ QM(F, D). 

This maps a valuation v to the unique quasi-monomial valuation w := r y,d(v) £ QM(Y, D) 
such that w(Di) = v(Di) for every irreducible component Di of D. Note that cy(t>) G 
{cy(w)}. Clearly ry^ is the identity on QM(Y,D) and it is not hard to see that ry,D is 
continuous. This justifies the terminology "retraction". 

Lemma 4.6. If (Y',D') >z (Y,D) are log-smooth pairs, then ry t D ° fy ,d' = ^y,d- Further- 
more, rY,D' Q,M(Y',D') QM(Y, D) is integral linear. 

Proof. Let D±, . . . , Dm and D[, . . . , D' N be the irreducible components of D and D', re- 
spectively. For the first assertion, it suffices to show that v and v' := ry/^^f) take the 
same values on D„ 1 < i < M . By assumption we have a birational morphism tp: Y' — > Y 
over X and (p*(Di) = J2f=i hjDj for 1 < i < M, where by > 0. Thus 
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For the second assertion, let rf be the generic point of a connected component of s of 
the Dp say D[, . . . , D' s . Suppose that D x , . . . ,D r are the irreducible components of D 
that contain <p{f]'), and let i] be the generic point of the connected component of D x R 
• • • fl D r that contains ip(rf). In this case t Y) d induces a map QM^V, D') — > QM (Y, D), 
that under the identifications QM r? ,(F / , D') ~ R> and QM (Y, D) ~ R> provided by 
Lemma [4.51 is given by the matrix (%), with 1 < i < r and 1 < j < s. □ 

As a consequence of Proposition 13.11 the retraction map is order-reversing: 

Lemma 4.7. Let (Y, D) be a log- smooth pair andv G Valx- Ifw := ty,d{v) andt] = cy{v), 
then w(f) < v(f) for any f G Oy, v - Equality holds if the support of V(f) is locally 
contained in the support of D at rj. 

Corollary 4.8. For every v G Valx, we have Ty,d{v) < v in the sense of Definition \4 . 3[ 
More precisely, for any ideal a on X we have ry i £>(f)(a) < v(a), with equality if {Y,D) 
gives a log resolution of a. 

4.4. Structure theorem. We are now in position to exhibit Valx as a projective limit 
of simplicial cone complexes. 

Theorem 4.9. The retraction maps induce a homeomorphism 

r: Val x -> hm QM(Y, D). 

(Y,D) 

Proof. The map r is continuous since each ry^ is. Let us construct its inverse. An element 
of the projective limit is a compatible family of valuations (vy,d)- To such a family we 
associate the function v that on an ideal a on X takes the value v (a) := sup(y jD ) vy,d(&)- 
By Corollary 14.81 the supremum is attained whenever (Y, D) defines a log resolution of a. 
It is easy to check that v defines a valuation in Valx whose center on X is the unique 
minimal element among the centers of all the vy.d- We see that r is a continuous bijection. 
The continuity of r^ 1 follows from Lemma [4.11 and Corollary 14.81 □ 

Corollary 4.10. The set of quasimonomial valuations is dense in Valx- Moreover, if 
v G Valx, then given any neighborhood U of v in Valx there exists a log-smooth pair 
(Y, D) adapted to v such that ry jD (t>) G U and such that n(D) C cx(f), where ir: Y — > X 
is the induced morphism. 

Proof. The result is an immediate consequence of Theorem 14.91 except for the requirement 
that tt(D) C cx{v). To have this last property, it suffices to show that for any ideal 
a on X there exists a log-smooth pair (Y, D) above X such that 7r(.D) C cx(v) and 
r Y,D(v)(a) = v(a). Let m be the ideal defining cxiy) with the reduced structure, and pick 
n > v(a)/v(m). Then v (a + m n ) = v(a). Now V(a + m n ) C c x (v), so there exists a log 
resolution (V, D) of a + m™ such that n(D) C c x (v). Then 

v( a ) = v(a + m n ) = r Y , D (v)(a + m n ) < r Y , D (v)(a), 

hence v(a) = ry^(o) by Corollary 14.81 □ 

Remark 4.11. The set of divisorial valuations is also dense in Valx- Indeed, divisorial 
valuations are dense in every QM(V, D) as a consequence of Remark [3791 
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5. Log discrepancy 

Our next goal is to define the log discrepancy of quasi-monomial, and more general 
valuations. 

5.1. Log discrepancy of quasi-monomial valuations. 

Proposition 5.1. One can associate to every quasi-monomial valuation v G Valx a 
nonnegative real number Axip), its log discrepancy, such that 

(i) Ax coincides with our old definition for divisorial valuations; 

(ii) for any log-smooth pair (Y,D) over X , Ax is integral linear on QM(Y, D); 

(iii) for any proper birational morphism X' — > X , with X' regular, and any quasi- 
monomial valuation v G Valx, we have Ax(v) = Ax>{v) + v(Kx>/x)- 

Conditions (i) and (ii) together can be rephrased by saying that if v G QM(Y,D), 

then 

N N 

Ax(v) = 5>(A) • A x (oTd Di ) = 5>(A) • (1 + OTd Di (K Y/X )), (5.1) 

i=l i=l 

where Di, . . . , D N are the irreducible components of D. Whenever X is understood, we 
write A(v) instead of Ax{v). 

Proof. It is clear that the formula (15. ip uniquely determines Axip) f° r v £ QM(Y, D). Let 
us temporarily denote the expression in (15.11) by Ax,y,d(v). We need to show that this is 
independent of the choice of pair (Y, D). 

Let us first reduce to the case when (Y, D) is a good log-smooth pair adapted to 
v. To do so, we use Lemma 13.61 (ii) to find a good log-smooth pair (Y 7 , D') >z (Y, D) 
adapted to v. Furthermore, we may assume that v G QMy(Y', D'), where t]' lies over 
i] = cx{v), and that the components of D (resp. D') through rj (resp. f]') are Dx, . . . , D r 
(resp. D[, . . . , D' r ). We can also assume that we have the formulas (13.31) . where the E[ do 
not contain 77', and det(6jj) 7^ 0. 

We claim that Ax,y,d(v) = Ax,y>,d'{v)- Note first that Lemma [L5l (ii) gives 1 + 
ord.o/(lfy//y) = Y^i=i^ij- On the other hand, we have v{El) = for every i, hence 
(13. 3p implies v{Di) = Y7j=x^ij v i^j) f° r ^ — 1, We also have ord^'. ( Ky/x) = 

Y^=x oidDii^Y/x) for j = 1, . . . , r. Putting these together, we get 

A X ,Y,d(v) =J2 V W( 1 + 0Td Dii K Y/x)) =J2 b iA D j)( 1 + Ord Di iKy /X ) 
i i,j 

= < D N l + ord ^ (Ky'/y) + ord D > (Ky/x)) 
j 

= ^2v(D , j )(l + aid D >.{K Y >/x)) = A x ,Y',D'iv). 
j 

After this reduction, it suffices to show that Ax,y,£>(f) is independent of (Y, D) as 
long as (Y, D) is good for v. Since any two such pairs can be dominated by a third, it suffices 
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to prove that Ax,y,d{v) = Ax,y',d'(v) whenever (Y, D) is good for v and {Y 1 , D') >z (Y, D). 
By Lemma [3.61 (i), (Y',D') is automatically good for v. We can now proceed exactly as 
above, using Lemma IBTol (i) and Lemma [1751 (ii). to show that Ax,y,d(v) = Ax,y',d'(v)- 

It remains to prove assertion (iii). Pick any log-smooth pair (Y, D) over X' . The 
function v —> Ax>(v) + v(Kx>/x) — A x {y) is integral linear on QM(Y, D) and vanishes 
when v = ord^ for any irreducible component Di of D. Thus this function vanishes 
identically, which proves (iii) since ( Y, D) was arbitrary. □ 

Remark 5.2. It is clear from definition that if v G Valx is a quasi- monomial valuation, 
and if U C X is an open subset such that c x (v) G U, then v is quasi-monomial also as 
an element in Valjj, and Au(v) = Ax(v). 

Lemma 5.3. Let (Y',D') >z (Y,D) be log- smooth pairs over X with associated retractions 
t = ry,D and r' = Ty',d', respectively. Then A(r(v)) < A(r'(v)) for all v G Val(X) ; with 
equality if and only ifr'iy) G QM(Y,D). 

Proof. By Lemma [4.61 we have r(v) = r(r'(v)), hence after replacing v by r'(v), we may 
assume that v = r'{y) G QM(Y', D'). Write w := r(v). 

We first prove that A(w) < A(v). This inequality follows from Lemma [1.51 (i) when 
v = ordn' for some irreducible component D\ of D' . It must then hold on all of QM(y', D'). 
Indeed, by Lemma I4TB1 and by Proposition l5.lt the function A{y) — A(rY,n(v)) is (integral) 
hnear on QM(Y',D'). 

Now suppose that v QM(Y, D), that is, v ^ w. We will show that A(v) > A(w). 
By condition (iii) in Proposition it is enough to show that Ay{v) > Ay(w), and 
therefore we may and will assume that X — Y . Furthermore, by Remark 15.21 we may 
replace Y by an open neighborhood of cy(t>). If cy(v) ^ Cy(w), then the inequality 
A(v) > A(w) follows from the first part: after replacing Y by an open neighborhood of 
cy{v ), we can find a prime divisor E containing cy(t> ) such that (Y, D + E) is a log-smooth 
pair. Hence A(v) > A(ry,D+E(v)) > A(w). Therefore we may assume that cy(t>) = cyiw). 
Let (Y',D') >z (Y,D) be induced by a suitable toroidal blowup as in Lemma [331 (ii), 
centered at cy(v), such that {Y 1 , D') is a good pair adapted to w. Note that ry> ,d>(v) = w. 
Since (X,D) is a good pair adapted to w, and v ^ w, we have cy/(v) ^ cy>(w). As we 
have seen, this implies Ay(v) > A Y '(w), hence A Y {y) > A Y {w). □ 

5.2. Log discrepancy of general valuations. We now extend the log discrepancy to 
arbitrary valuations in Val^- If v is any valuation in Valx, then we set 

A(v) = A x {v) := sup A{r Y , D {v)) G R> U {oo}, (5.2) 

where the supremum is over all log-smooth pairs (Y, D) over X. As a consequence of 
Lemma [4.61 and Lemma [5.31 we may, in the definition of A(v), take the supremum over 
sufficiently high pairs (Y, D). This in particular implies that for a quasi-monomial valua- 
tion v, the new definition of A(v) is equivalent to the old one. Note that A(v) > when 
v is nontrivial. We also obtain 

Corollary 5.4. For any log-smooth pair (Y, D) over X and any valuation v G Valx we 
have A(r(v)) < A{y) with equality if and only if v G QM(Y,D). 
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Remark 5.5. Suppose that v G Valx is an arbitrary valuation, and U is an open subset 
of X containing Cx{v). It follows from Remarks I3.3l and l5.2l that Ax(v) = Ajj(v). 

Remark 5.6. Let //: X' — > X be a proper birational morphism, with X' regular. It 
follows from Proposition 15.11 (hi) that Ax{v) = Ax>(v) + v(Kx>/x) f° r an y valuation 
v G Valx = Valjf'- 

Lemma 5.7. The log discrepancy function A: Valx — > R>o U {°°} is lower semicontin- 
uous. 

Proof. Since A is continuous on each QM(Y, D) and ry,D '■ Valx —> QM(Y, D) is continu- 
ous, A is a supremum of continuous functions, hence lower semicontinuous. □ 

Corollary 5.8. Given v G Valx we have A{y) = sup y£) A(ry i £>(t))) ; where the supremum 

is taken over log-smooth pairs {Y,D) over X such that n(D) C Cx(v), where tc: Y — >• X 
is the associated morphism. 

Proof. The inequality A(v) > sup yD A(ry,D{v )) is definitional. For the reverse inequality, 
fix e > and first assume A(v) < oo. By the lower semicontinuity of A, the subset 
{A > A(v) — e} C Valx is open and hence contains a valuation of the desired form Ty,d{^) 
by Corollary 14.101 When A(v) = oo, we instead look at the open set {A > e^ 1 }. □ 

We will later make use of the following compactness result. 

Proposition 5.9. Let £ G X be a point and m the ideal defining wif/i the reduced 
scheme structure. For every M G R>o ; the set 

V M := {v G Valx | c x (v) = £,v(m) = l,A(v) < M} 

is a compact subspace of Valx- 

Proof. We consider an element of Valx as a morphism of semirings X — > R>o, where X 
is the semiring of nonzero ideals on X (see §1.1). Recall that the condition c x (v) = £ 
simply says that v(a) = if a % m, and v(a) > 0, otherwise. Of course, in the presence of 
v (m) = 1, the second condition is automatically fulfilled. 

Note that if A(v) < M, then for every nonzero a G X we have v(a) < M ■ Arn(o). It 
follows from the definition of the topology on Valx that 

W M := {v G Valx | c x (v) = f , v(m) = l,v(a) < M ■ Arn(a) for all a G X} 

is a closed subset of ELex ac m [l' ^ ' Arn(a)], hence a compact topological space by Ty- 
chonoff 's theorem. Moreover, Vm is a closed subset of Wm, since A is lower semicontinuous 
on Valx by Proposition 15.71 Thus Vm is compact. □ 

When M = +oo, the space Vm above is not compact but can be compactified as 
follows. For simplicity assume that £ G X is a closed point. Let Vx,£ denote the set of 
all semivaluations v on O x ^ for which v(m) = 1. Note that we allow v(f) = +oo for 
nonzero /. This space Vx,£ is the valuation space considered in [B FJlj , see §6.31 below. 
As with Valx, we equip it with the topology of pointwise convergence, turning it into a 
closed subset of fl/em-© [1?°°] an d hence compact by Tychonoff's Theorem. One can 
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show that Valx HVx,§ is dense in Vx,§, see §6.31 We will make use of the space Vx,§ in the 
proof of Proposition 15.131 

5.3. Izumi's inequality. If £ is a point on X, we denote by rrig the ideal defining the 
closure of £. Let ord^ be the valuation with center £, such that ord^(/) = sup{r | / G 
m r • Ox,e} for every / G Ox,$- Note that this is a divisorial valuation: it is equal to ord^, 
where E% is the component of the exceptional divisor on Bl TOf (X) whose image contains 
£. We shall later make use of the following Izumi-type estimate |Izu| IELS] : 

Proposition 5.10. For any v G Valx we have 

v(m^) ord^ < v < A(v) ord^, (5.3) 
in the sense of Definition ^. 3[ where £ = cx(v). 

Proof. The first inequality follows from the definitions. By approximation, the second 
inequality can be reduced to the case when v is divisorial, and then it goes back at 
least to Tougeron [Tout Lemma 1.3, p. 178]. Alternatively, it comes from the fact that for 
/ G Ox,£ with ord^(/) = m, after replacing X by some open neighborhood of £ we have 



^jj > lct(/) > ^. For the last inequality, see |Koll Lemma 8.10] (this treats the case 
when X is of finite type over a field, but the general case can be easily reduced to this 
one, arguing as in |dFM] Corollary 2.10]). □ 

Corollary 5.11. If v G Valx satisfies A(v) < oo, then v has a unique extension as a 
valuation v' G Valx', where X' = Spec Ox£, £ = Cx(v). 

Proof. Let m = be as above and set m' = m • 0x,£- One can always uniquely extend 

v: Ox,£ \ {0} — > R>o by mg-adic continuity to v' : Ox£ \ {0} —> R>o U {oo}. Indeed, for 

/ G Ox,i \ {0} and n > 1, we can write a' n := (/) + m' n = a n ■ Ox,t for some ideal a n on 
X. Then v'(f) = lim n _ >00 u(o n ), where the limit is increasing. 

If £' denotes the closed point of X', then ord^(o^) = ord^(/) for n > ord^(f). 
Now, if A(v) < oo, then (I5.3P shows that v(a n ) < A(v) ord^(On) = A(v) ovd^(f) for 
n > ord^(f). This shows that v'(f) < A(v) ord^(f) < oo. □ 

Remark 5.12. When A(v) = oo, the extension v' of v to Ox,£ niay not be a (finite- 
valued) valuation. For example, if v is defined on k[x, y] by v(f(x,y)) = ord t fit, g(t)), 
where g(t) = J2 m >i^ m / m ^ then v is a valuation on A\ with center at the origin, but 

v'(y - g(x)) = oo. 

5.4. Completion and field extension. The following technical proposition will play an 
important role in the proofs of our main results. Note that if tp : X' — > X is a flat morphism 
of integral schemes, then ip is dominant, hence induces a field extension K(X) ■=->■ K(X'), 
that in turn induces a continuous map Valx' — > Valx given by restriction of valuations. 

Proposition 5.13. Let tp: X' — Y X be a regular morphism, with X and X' schemes as 
before. Consider v' G Xal x , and let v G Val* x be the valuation induced by restriction of v' . 
Then A(v') > A(v). Furthermore, equality holds in the following cases: 
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(i) X' = Spec Ox,£ — > X , where (6l and v' is centered at the closed point on X' ; 

(ii) X' = and X = A£, where K/k is an algebraic field extension, and v' is 
centered at G X' . 

To be perfectly precise we should really write A{v) = Axiv) and A{v') = Ax>{v') 
here. Recall that we have seen in Remark 15.51 that the equality A(v') = A(v) holds also 
in the case when tp is an open immersion. 

Proof. To prove the inequality A(v') > A(v) we argue as in the proof of Proposition 11.91 
Given any log-smooth pair (Y, D) over X, we get a log-smooth pair (Y', D') over X' , 

where Y' = Y x x X' A- Y, with D' = tj)*{D). Let rj = c Y (v) and r/ = e Y >{v'). If E is an 
irreducible component of D containing rj, and if E' is the connected component of ip*(E) 
containing rj', then v'(E') = v(E), hence A(v') > A(ry> ,d'{v')) = A(ry_o(v )). Therefore 
A(v') > A(v). 

We note that in case (ii), in order to prove that A(v') = A(v), it is enough to 
consider the case when K/k is a finite Galois extension. Indeed, note first that v' can 
be extended to an element v of ValA™, where k is an algebraic closure of k containing 
K. By what we have seen so far, A(v) > A(v') > A(v), hence it is enough to show that 
A(v) = A(v). On the other hand, it is easy to see that the inequality we have already 
proved gives A(v) = sup i//fc A(vl), where L varies over the finite Galois extensions of k 

contained in k, and vl is the restriction of v to A£ (this follows from the fact that every 
log-smooth pair over A^ is defined over some L as above). Therefore it is enough to show 
that A(vl) = A(v) for all such L, hence whenever considering case (ii), we will assume 
that Kj k is finite and Galois, with Galois group G. 

Recall that by Lemmas 13.101 and I3.11[ v is quasi- monomial if and only if v' is quasi- 
monomial. We first prove the equality in cases (i) and (ii) under this assumption. Let 
(Y, D) be a good pair adapted to v. If (Y' , D') is defined as before, then the same argument 
as above shows that it is enough to prove that (Y 7 , D') is a good pair adapted to v ' . Recall 
that we put rj = cyiy) and 7/ = cy'(v'). By assumption, we have dim(Cy^) = ratrk(v), 
and it is enough to show that dim(Oyi^) = ratrk(f'). By Lemmas 13 . 1 01 and 13 . 1 1 1 we have 
ratrk(f) = ratrk(w'), hence it suffices to show that dim((9y/ ?? /) = dim(Oy jri ). In case (ii) 
this follows from the fact that the morphism X' — > X, hence also Y' — > Y, is finite. In 
case (i), this follows from Corollary 11.31 This completes the proof of A(v') = A(v) when 
v is quasi-monomial. 

Before proving the general case, let us make some preparations. Let £ = cx{v) and 
£' = cx(v'), and let m and m' denote the ideals on X (resp. X') defining £ (resp. £'), so 
that m' = m • Ox 1 - Let V C Valx (resp. V C Val^') be the subset of valuations w (resp. 
w') for which w(m) = 1 (resp. w'(m') = 1). The restriction map p: V — > V is continuous 
but not surjective in general. We claim that p is open onto its image, that is, for any open 
subset U' C V there exists an open subset U C V such that p{U') = p(V) fl U . First 
consider case (i), when p is injective. We may assume U' is of the form 

U' = {w' G V I Sj < w'ia'j) < tj, j = 1,2,..., n}, 
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where a'j is an ideal on X' and Sj < tj < +00 for 1 < j < n. Pick p large enough so 
that p > tj whenever tj < 00. As w'(m') = 1, replacing a'j by a'j + m' p does not change 
U'. We may therefore assume that a'j = <Xj ■ Ox>, for some ideal <Xj on X. But then 
p{U') = p(V) n U, where U = f]j{ w e v I s j < w ( a j) < tj} is °P en - 

Suppose now that we are in case (ii), when p is surjective. It is convenient to consider 
the extension of p to the spaces of semivaluations introduced at the end of §5.21 More 
precisely, we have a continuous surjective map induced by restriction p: Vx',£' — >• Vx,£- 
We can identify V and V with subspaces of Vx',£ and Vx,x, respectively, such that p is 
the restriction of p over V. Therefore it is enough to show that p is open. 

Note that the Galois group G = G(K/k) has a natural action on X', which induces 
an action on Vx',f such that the fibers of p coincide with the G-orbits of this action. 
If U' is an open subset of Vx',?, then jo -1 (/?([/')) = \J g( z G gU' is open in Vx r ,£ r , hence 
its complement is closed. Since Vx',£' is compact, it follows that p(F) is compact, hence 
closed in Vx,£- Therefore Vx,s, \ p(F) = p(U') is open in Vx,t- 

We can now prove that A(v) > A(v'). First suppose A(v') < 00. 

Given e > 0, the set U' = U' £ := {w' e V | A{w') > A(v') - e} is an open subset of 
V by the lower semicontinuity of A. By what precedes, there exists an open subset U C V 
such that p{U') = p(V) fl U. Clearly v G U, so by Corollary 14 .101 we can find a log-smooth 
pair (Y, D) above X such that w := r(u) G C/, where r = r YD : Valx — > QM(Y,D) is 
the corresponding retraction. Since if is quasi-monomial, if is in the image of p, so there 
exists w' G [/' quasi-monomial such that p(w') = w. We have seen that A(w') = A(w). 
Thus A(v) > A(w) = A(w') > A(v') - e. As e -)■ we get > A(u'). The case when 
A(v') = 00 is treated similarly, by setting U' = {w' G V \ A(w') > e^ 1 }- □ 



6. Graded and subadditive systems revisited 



We now extend to arbitrary valuations some of the results proved in JEh^S] for 
divisorial valuations. 

6.1. Induced functions on valuation space. 

Lemma 6.1. If a. is a graded sequence of ideals, then the function v 1— > v (a.) is upper 
semicontinuous on Valx- Similarly, if b. is any subadditive system of ideals, then the 
function v 1— > v(b,) is lower semicontinuous . 

Proof. For each t, the function v t— > v(bt) is continuous on Valx by Lemma 14.11 Hence 
v 1 — y v(b») = sup t \v{b t ) is lower semicontinuous. The argument for a. is analogous. □ 

Proposition 6.2. If a, is a graded sequence of ideals, and b, is the corresponding system 
of asymptotic multiplier ideals, then for every m such that a m is nonzero we have 

, x A(v) < V(a m ) A{v) < Vjprn) < V(0m) , g ^ 

m ~ m m ~ m ~ m 

for all v G Valx, with the second inequality being strict when v is nontrivial. In particular, 
v(a») = v(b m ) whenever A(v) < 00. 
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Proof. The first inequality is definitional and the last inequality follows from the inclu- 
sion a m C b m . To prove (16. ip it therefore suffices to show that the function h m (v) := 
v(b m ) — v(a m ) + A{y) is positive on Val x . Let (Y, D) be a log-smooth pair that de- 
fines a log resolution of a m ■ b m . Then v(a m ) = ry i D(f)(a m ), v (b m ) = rY y D{v){b m ) and 
A(v) > A(ry t D{v )), so it suffices to show that h m is positive on the nontrivial valuations 
in QM (Y, D). But h m is linear on QM(Y, D) and we already know that h m {pid Di ) > for 
any irreducible component Di of D. Hence h m > on Val x , as claimed. 

The last assertion follows by letting m — > oo along a suitable subsequence. □ 

Remark 6.3. The same argument shows that if a. and b. are as above, then > 
v (a.) — ^j^- for every v G V&\* x with A(v) < oo, and for every t > 0. 

Corollary 6.4. If a, is a graded sequence of ideals on X, then the function v i— >■ v (a.) is 

continuous on {v G Valx | A(v) < oo}. 

Proof. Let W = {v G Valx | ^4(w) < oo}. Proposition 16.21 gives f(a.) = f(b.) for t> G 
W. Therefore Lemma 16.11 implies that the map v — > v(a 9 ) is both lower and upper 
semicontinuous, hence continuous, on W. □ 

Proposition 6.5. // b, is a subadditive sequence of ideals on X , of controlled growth, 
then 

„ (f ,.) _ m < m < „ (b .) (6 . 2 ) 

/or e^ery t and every v G Valx ■ 

Proof. The second inequality is definitional. For the first inequality, it is enough to show 
that for every s and every v G Valx, we have 

v(b t ) v(bs) A(v) , , 

h(v) := - + > 0. (6.3) 

u S V 

Pick a log-smooth pair (V, D) that defines a log resolution of b s ■ bt. Then h > ho ry,D 
so it suffices to prove h(v) > when f G QM(V, D). But this follows since h is linear on 
QM(Y,D) and /i(ord^J > for every irreducible component Di of D. □ 

Corollary 6.6. If b. zs a subadditive sequence of ideals on X , of controlled growth, then 
the function v (-> f(b.) is continuous on any subset of Valx on which A is bounded. In 
particular, v t— > f(b.) is continuous on QM(Y,D) for any log-smooth pair (Y,D). 

Proof. The function v i— > h(v) := v(b 9 ) is the pointwise limit of the continuous functions 
v i—)- —v(b m ) and by Proposition 16.51 the convergence is uniform on subsets where A is 
bounded. This proves the first assertion. For the second assertion, note that h is continuous 
on QM(V, D) n {A < 1}, hence on all of QM(V, D) by homogeneity. □ 

6.2. Jumping numbers. 

Lemma 6.7. // a and q are nonzero ideals on X, then 

Arn q (a) = max -. ^ . . . (6.4) 
v ; t-evai^ A(v) + v(q) v ' 
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Suppose that a ^ Ox and (Y, D) is a log-smooth pair over X giving a log resolution of a-q. 
Then equality in ( 16. 4p is achieved for v if and only if v G QM(Y, D) and ord^ computes 
Arn q (a) for every irreducible component Di of D for which v(D,j) > 0. In particular, v 
must be quasi-monomial. 

Proof. Let x{ v ) — A(v)+v(q) • By Corollary 14.81 and Corollary 15 A\ \ ° r Y.p > X with strict 
inequality if v ^ QM(Y, D) and f (a) > 0. Thus v achieves the maximum in ( 16.4f) if 
and only if v G QM(Y,D) and t> belongs to the zero locus of the function v t— > v(a) — 
Arn q (a)(v4(t>) + v(q)). But this function is linear on QM(Y,D). The result follows. □ 

Corollary 6.8. If b. is a subadditive system of ideals, and q is a nonzero ideal, then 

Arn"(&.)= sup A , V } b '\ v (6-5) 

veVaX* x ,A(v)<oo A{v) + v (qj 



Proof. By Proposition I2.8[ we only need to show that 

Arn q (b.) > tt4^7 x (6-6) 

when A(t>) < oo. But Lemma IBTTI gives Arn q (bi) • (A(v) + v(q)) > v(b t ) for every t > 0. 
Dividing by t and letting t — > oo gives (16. 6p . □ 

Corollary 6.9. If a, is a graded sequence of ideals, then for every nonzero ideal q we 
have 

Arn>.)= sup -rr^K v (6-7) 

Proof. This follows by combining Corollary 16.81 and Propositions 16.21 and 12.141 □ 

As a consequence of Corollary 12.161 and Corollary 16.91 we get 
Corollary 6.10. For graded sequence a. of ideals, the following conditions are equivalent: 

(i) Arn(a.) = 0; 

(ii) ord£;(a.) = for all divisors E over X ; 

(iii) v (a.) = for all v G Valx with A{y) < oo; 

(iv) Arn q (a,) = for every nonzero ideal q on X . 

Remark 6.11. The right-hand side of (I6.5P is a priori undefined when A(v) = oo as in 
this case we could also have v(b») = oo. On the other hand, for a graded sequence a. we 
always have v(a») < oo, so the right-hand side of (16. 7p is well-defined for any nontrivial 
valuation v G VaTjf. 

6.3. Comparison with other valuation spaces. While our usage of the valuation 
space Valx is, to our knowledge, new, it is certainly related to other approaches. For 
simplicity, suppose that A is a smooth variety over an algebraically closed field k of 
characteristic zero and equip k with the trivial valuation. 

In this context, the Berkovich space X an is defined (as a topological space) as fol- 
lows |Berlj . When X = Spec A is afline, A an is the set of semivaluations v: A — > [0, +oo] 
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whose restriction to k is trivial. In general, X an is obtained by gluing the subsets U an , 
where U ranges over an open affine covering of X. Just as for Valx, the topology on X an 
is defined in terms of pointwise convergence. Thus Valx embeds in X an . 

In fact, Valx is dense in X an . Let us sketch a proof for completeness. We may 
assume X = Spec A is affine. Consider any v G X an . If v ^ Valx, then the prime ideal 
I :— {y — 00} C A is nonzero. Now look at the prime ideal J := {v > 0} D / with 
associated point £ G X. If I — J, then the semivaluation v satisfies v(f) = 00 if / G J 
and = otherwise. Hence the divisorial valuation nord^ G Valx tends to v as n — > 00. 
Now suppose J D I so that < i>(J) < 00. If (Y, D) is a log-smooth pair above X for 
which the associated birational morphism ip: Y — > X satisfies ip(D) C £, then we can 
define the retraction ty,d{v) G Valx as in §4.31 We claim that every neighborhood of v 
in X an contains an element of the form Ty,d(v). To see this, fix / G A. It suffices to find 
a sequence (Y n ,D n ) such that rY n ,D n {v)(f) — > as n — >■ 00, but for this we may take 
(Y n , D n ) to be a log resolution of (/) + J n . 

When X is projective, X an is compact [Berl| Theorem 3.5.3], hence defines a com- 
pactification of Valx- Note that while Valx is invariant under proper birational morphisms, 
X an is not. 

Given any closed point £ G X we can also, as in §5.21 consider the compact sub- 
set Vx,£ Q X an consisting of semivaluations for which v (m^) = 1. This is the valuation 
space studied in |BFJlj . By [BFJ1| Theorem 1.16] (see also [Berlt IThu2] ) . Vx,§ is con- 
tractible. The argument above shows that Valx HVx,§ is dense in Vx,£- In fact, for each 
log-smooth pair (Y, D) as above, Vx£ H QM(V, D) is a simplicial complex and by [BFJ1} 
Theorem 1.13], Vx,g is homeomorphic to the projective limit of these complexes. It fol- 
lows from Corollary 15.81 that the log discrepancy defined in |BFJll Definition 3.4] (called 
thinness there) coincides with the one defined in this paper. 

In [BFJlJ, a class of plurisubharmonic (psh) functions on Vx£ was defined. A pos- 
teriori, a function on Vx,§ is plurisubharmonic if and only if it is of the form v — > —v(b 9 ) 
where b. is a subadditive system of controlled growth satisfying b t ~D m|*, for each t, 
where pt > 1. This cone of psh functions has good compactness properties and is studied 
in detail in |BFJ3j . 

In dimension dimV = 2, Vx,§ is naturally an R-tree, being a contractible pro- 
jective limit of one-dimensional simplicial complexes. A function on Vx£ is psh if and 
only if it satisfies certain convexity conditions [FJll IBR} IThulj PI This allows us to con- 
struct graded and subadditive sequences with interesting behavior. For example, given 
coordinates (x, y) at £ and a strictly increasing sequence 1 < f3\ < 02 < ■ ■ ■ of rational 
numbers with unbounded denominators we can define a valuation v G Valx HVx,£ by 
v(f) = ord x= o f(x, x^j). Such a valuation satisfies trdeg(f) = 0, ratrk(f) = 1 and 
is called infinitely singular in |FJlj . If the f3j grow sufficiently fast, then there exists a 
psh function tp on Vx,^ for which (^(ordo) = —1 and <p(v) = —00. This translates into 
the existence of a subadditive sequence b. of controlled growth such that ordo(b.) = 1 
but v (b.) = 00. In particular, A(v) = 00. One can also show that the associated graded 
system a. = a,(v ) satisfies v(a») = 1 but w(a») = for all w G Vx,g \ {v }. 



7 In [FJll IFJ21 IFJ3j , the negative of a psh function is called a tree potential. 
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Now we are ready to formulate our main results and conjectures. We keep our 
previous setup. 

7.1. Results and conjectures. 

Definition 7.1. A valuation v G Val^ computes Arn q (a.), for a nonzero ideal q and a 
graded sequence of ideals a. if Arn q (a.) = A fy+^ ■ 

Equivalently, v then computes lct q (a.). Of course, if Arn q (a.) = 0, any valuation 
computes Arn q (a.), so we shall focus on the case Arn q (a.) > in the sequel. In this case 
any v computing Arn q (a») satisfies A(v) < oo. 

Remark 7.2. If v G Val^ computes Arn q (a») > 0, then cx{v) lies in the zero-locus of 
(b\: q), where A = lct q (a.) and b A = J{&,)- Indeed, if / is a local section of [by. q) 
defined in a neighborhood of cx(v), then / • q C b\, hence 

v(f) + v(q) > v(b x ) > A ■ v(a.) - A(v) = v(q), 

in view of Remark 16.31 It follows that v(f) > 0, so / vanishes at Cx(v). 

The following result generalizes Theorem A from the introduction. 

Theorem 7.3. Let a, be a graded sequence of ideals on X , and q a nonzero ideal. If 
Arn q (a») = A^ 1 > ; then for every generic point £ of an irreducible component of 
V(J(a*): q), there is a valuation v G Val^ that computes Arn q (a.) ; with cx{v) = £. 

As we will see in Remark [8.5 1 below . the valuation v cannot always be taken divisorial. 
However, we state 

Conjecture 7.4. Let a, be a graded sequence of ideals on X and q a nonzero ideal on X 
such that Arn c, (a.) = A -1 > 0. 

• Weak version: for any generic point £ of an irreducible component of the sub- 
scheme defined by {J(<x^) \ q), there exists a quasi-monomial valuation v G Val^ 
that computes Arn c, (a.) and with Cx{v) = £. 

• Strong version: any valuation v G Val^ that computes Arn q (a.) must be quasi- 
monomial. 

While we are unable to prove either version of Conjecture 17.41 we shall reduce them, 
in two ways, to statements that hopefully are easier to prove. First, we reduce to the case 
of an affine space over an algebraically closed field. 

Conjecture 7.5. Let X = A^, where k is an algebraically closed field of characteristic 
zero and where n > 1. Let a. be a graded sequence of ideals on X and q a nonzero ideal 
on X such that Arn q (a.) > and such that ai D m p , where p > 1 and m = is the ideal 
defining a closed point £ G X . 

• Weak version: there exists a quasi-monomial valuation v G Vaf^ computing 
Arn q (a.) and with cxiy) = £. 
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• Strong version: any valuation v G Val^ of transcendence degree computing 
Arn q (a.) must be quasi-monomial. 

The strong version of Conjecture 17.51 is trivially true in dimension one. A proof in 
dimension two will be given in £0 and the monomial case is treated in £JHJ The following 
result strengthens Theorem D in the introduction. 

Theorem 7.6. If the weak (resp. strong) version of Conjecture \ 7. <5| holds for everyn < N, 
then the weak (resp. strong) version of Conjecture \7.4\ holds for all X with dim(X) < N. 

Second, we reduce to the case of a graded sequence of valuation ideals. 

Theorem 7.7. In Conjecture \7.J\ (weak and strong version) we may assume that a. is a 
graded sequence of valuation ideals, that is, a m = {/ | w(f) > m} for some w G Val^. 



We also have a related result. 

Theorem 7.8. Let v G Val^ be a nontrivial valuation with A(v) < oo and q a nonzero 
ideal on X . Then the following assertions are equivalent: 

(i) There is a graded sequence of ideals a, on X such that v computes Arn q (a.) > 0. 

(ii) There is a subadditive system of ideals b, (which can be assumed of controlled 
growth) such that v computes Arn c, (b») > 0. 

(iii) For every w G Valx such that w > v in the sense of Definition \4.3\ we have 
A(w) + w(q) > A(v) + v(q). 

(iv) If a! m = {/ | v(f) > m}, then v computes Arn q (a / .). 



In (ii), by a valuation v G Val^ computing Arn q (b.) we mean that A(v) < oo and 
v(b.)/(A(v) + v(q)) = Am\b.). 

From the equivalence of (i) and (iii) we obtain 

Corollary 7.9. If q is a nonzero ideal on X and v computes Arn(o») > for some graded 
sequence a,, then v also computes Arn q (a.) > for some (other) graded sequence a,. 



7.2. Valuation ideals. Now we give the proofs of the results in Section^ We start by the 
reductions to the case of graded sequences of valuation ideals, specifically Theorems 17.71 
andE3 



Proof of Theorem \ 7. 8[ We will show that (i)=^(ii)=>(iii)=>(iv)=^(i) 

The implication (i)=>(ii) follows from Proposition 12.141 and Proposition 16.21 it is 
enough to take b. to be given by the asymptotic multiplier ideals of a,. 

In order to show (ii) => (iii) , suppose that v computes Arn q (b») > 0. If w > v, then 
clearly w(b.) > v(b.). Now Corollary EH gives < hence fg±gg> > 

w ^') > 1. Therefore we have (iii). 
v(b.) — \ / 
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Now suppose (iii) holds. By Lemma |2~4"[ v(a! m ) = 1. To prove (iv) it therefore suffices, 
by Corollary 16. 9[ to show that for every w G Val^ we have 

W(a '' ] < ttx~ rr- (7-1) 



A(w)+w(q) ~ A(v)+v(q)' 

If w(a' 9 ) = 0, then (17.11) is trivial, so suppose w(a'A > 0. Since the left hand side is invariant 
under scaling of w, we may assume w(a'A = 1. By Lemma 12.41 this implies w > v. The 
assumption (iii) now gives A(w) + w(q) > A{y) + v(q), so that (17.11) holds. 

Finally, the implication (iv)=^(i) is trivial: if v computes Arn q (a'.), then Arn q (a'.) = 
(A(v ) + t>(q)) _1 > 0. This completes the proof. □ 

Now we turn to Theorem 17. 7[ The assertion corresponding to the strong versions 
of the conjectures follows from the implication (i)=^(iv) in Theorem 17.81 The assertion 
concerning the weak statements of the conjectures is a consequence of Theorem 17.31 and 
the following result. 

Proposition 7.10. Assume that v G Val^ computes Arn q (a,) > and define a', by 
a 'm = {/ I v {f) — m }- Then Arn q (o / .) = Arn q (a.) and any w G Val^ that computes 
Arn q (a'.) also computes Arn q ( a.). 

Proof. Since v G Valx computes Arn q (a.) > we must have A(v) < oo and v(a») > 0. 
After rescaling v, we may assume v(a 9 ) = 1. By Lemma [2741 we also have v(a'A = 1. Since 
v computes Arn q (a.), it also computes Arn q (a'.) by Theorem 17.81 This yields 

Arn q faM - ^ - 1 - V ^ - Arn q fa ) 

Now v (a,) = 1 implies a m C a' m for every m. In particular, w(a' m ) < w(a m ) for all m and 
all w G Val^, hence u>(a'.) < w(a,). If w computes Arn q (a / .), we therefore get 

Arn q (a.) = Arn q (aM = < wM 



A(w) + w(q) ~ A(w) + w(q) ' 
so that w computes Arn q (a.) (and w(a' 9 ) = v(a'A). □ 



7.3. Birational and regular morphisms. Throughout this subsection, (p: X' — > X is a 
morphism that is either proper birational or regular. Let a. be a graded sequence of ideals 
on X, q a nonzero ideal on X and a'., q' their transforms to X', defined by a' m := o m • Ox 1 
and q' := q • Ox>(—Kx'/x) (in the birational case) or q' = q • Ox> (in the regular case). 

Lemma 7.11. Suppose that tp: X' — >• X is a proper birational morphism with X' regular. 
Then Arn q (a'.) = Arn q (a.). Moreover, v G Valx = Valy' computes Arn q (a'.) if and only 
if it computes Arn q (a'.). 



Proof. The equality Arn q (a'.) = Arn q (a.) is exactly Proposition 12.51 The last assertion in 
the lemma follows from v(a.) = v(a'A, v(q') = v(q) + v(K x >/x) and A x (v) = A x >(v) + 
v{Kx'/x)\ see Remark [5.61 □ 
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Proposition 7.12. Suppose that Arn q (a.) = A 1 > 0. Let £ G X be a point in the 
subscheme defined by (J'(a^): q). Let <p: X' —> X be the canonical morphism, where 
X' = SpecOx,£- Then Arn q (a.) = Arn q (a'.). Moreover, if v' G Valx' is a valuation 
centered at the closed point and v G Valx denotes its restriction to X, then v computes 
Arn q (a») if and only if V computes Arn q (a'.). 

Proof. Since p is regular (recall that X is excellent), the equality of Arnold multiplicities 
follows from Proposition 11.91 Proposition 15.131 implies A(v') = A(v). Since v'(q') = v(q) 
and v'(a' 9 ) = v(a»), it is now clear that v' computes Arn q (a'.) if and only if v' computes 
Arn q (a.)- □ 

Proposition 7.13. If K/k is an algebraic field extension and p: X' = — > A£ = X 
is the canonical map, then Arn q (o.) = Arn q (a'.). Moreover, forv' G Val x , letv G Val x be 
the restriction of V to X. Then v computes Arn q (a.) if and only if V computes Arn q (a'.). 

Proof. Since p is regular and faithfully flat (see Example II. ip . the equality Arn q (a») = 
Arn q (a'.) follows from Proposition 11.91 Proposition 15.131 implies A(v') = A(v). Since 
v'(q') = v(q) and v'(a' u ) = v(a,), it is now clear that v' computes Arn q (a'.) if and only if 
v computes Arn q (o»). □ 

7.4. Enlarging a graded sequence. Fix a graded sequence a, of ideals, a nonzero ideal 
q on X and a point £ G X. For the proof of Theorem 17.61 it is useful to enlarge q and a, 
so that they vanish only at £. Given an integer p > 1, define c. by 



^cvm^j^O (7.2) 

i=0 

where m = is the ideal defining £. Note that ci D m p . 

Proposition 7.14. Assume Arn q (a») = A -1 > and let £ be the generic point of an 
irreducible component of the subscheme defined by (J7(a^) : q). Define c. using (\7.2\i . Then, 
forp ^> ; lct q (c.) = lct q (a.) = A and ifv G Val^ computes Arn q (c.) ; thenv also computes 
Arn q (a.). 

Proposition 7.15. Suppose that Arn q (a,) = A -1 > and that m p C ai. If N > Xp 
and x = q + m", then Arn q (a.) = Arn r (a.). Furthermore, if v G Val x , then v computes 
Arn q (a,) if and only ifv computes Arn r (a.). 



Proof of Proposition \77J4\ In order to prove Arn q (c.) = Arn q (a») for p > 0, let us first 
consider the special case when m C a/ : l)- Then there exists a positive integer n 
such that m n • q C J{a£). Set A' := lct m " q (a.) > A and pick p > n/{\' - A). Fix < e < 1 
such that p > n/((l — e)\' — A). 

Note that v(c») = min{t>(a.),pw(m)} for all v G Val x . Thus 

Arn q fc ) = sup min {^( Q ')>^( m )} > mm{v(a.),pv(m)} 

A(v)+v(q) ~ ve v e A{v) + v{q) 

where V £ is the set of v G Val* x for which A ^y^^ > (1 — £ )/A- 



VALUATIONS AND ASYMPTOTIC INVARIANTS FOR SEQUENCES OF IDEALS 41 

By the definition of A' we have 

n • v(m) > , _ A(v)+v(q) 
v(a,) ~ v(a.) 

for all v G Val^-. This implies 

» n , \ v(a m ) f p A(v)+v(q) 

Arn q (c.) > sup v ; min < 1, - A 



„ e y e A(v) +v(q) { ' n \ v(a. 

Therefore Arn q (c,) > Arn q (a,), and the reverse inequality is obvious. 

We now treat the general case. Consider the natural morphism (p : Spec R = X' — > 
X, where R = Ox£- Let £' denote the closed point of X', and let m' = m ■ R, a'- = a? • R, 
q' = q ■ R, and c'j — Cj ■ R = J2l=o a 'i ' w'^'^- Note that m' is the ideal defining the closed 
point of X' . It follows from Proposition 11.91 that J(o! x ) = j7"(o^) • R. By construction, 
a/ ( J(&'. x ) '■ q') = a/ (J"( a .) : l) m R = m '> so by the case already treated, we have lct q (a'.) = 
lct q (c'.) for p ^> 0. Therefore 

lct q (a.) < lct q (c.) < lct q '(c'.) = lct q '(a'.), (7.3) 

where the first inequality follows from the inclusions a, C Cj, and the second one from 
Proposition 11.91 Since lct q (a'.) = lct q (a.) by the same proposition, it follows that all 
inequalities in (17. 3p are equalities. In particular, Arn q (c.) = Arn q (a.). 

Suppose now that v is a valuation that computes Arn q (c.). Since a-,- C Cj for every 
j, we have v (c.) < v(a»). Therefore 

Arn q (c.) = " (C,) , r < 77^^7 , < Arn q (o.) = Arn q (c.). (7.4) 

All the inequalities in f)7.4p have to be equalities, hence v also computes Arn q (a.). □ 

Proof of Proposition \7.15{ It follows from Proposition ^. 12l that q <2 J (a.), but q C J(a t ,) 
for every t < A. In order to prove that Arn q (a») = Arn r (a»), it is enough to show that 
under our assumptions, m N C J(a x ). This follows since 

m N c J(m N ) C J(m Xp ) C J(a x ) C ^(a*). 

Suppose now that t> G Val^-. Since 

v(a.) v(a.) 



A(v) + v(q) ~ A(v) + v(v) ' 

it follows that if v computes Arn q (a.), then v also computes Arn r (a.). For the converse, it 
is enough to show that if v computes Arn r (a.), then i>(q) = v(t). Note that since m p C ai, 
we have v(a 9 ) < p ■ v(m). Therefore 

v(cu) A(v) + v(t) v(t) 

v(m) > ^ = — — > -f-h, 

P \p N 
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hence vfm^) > v(t) = min{t>(q), v(m N )}. This shows that v(t) = v(q), and completes the 
proof of the proposition. □ 

7.5. Proof of Theorem 17.31 Let m = trig be the ideal defining £. After applying Propo- 
sitions 17.141 and 17.151 (and increasing p) we may assume that m p C ai and m p C q for 
some p > 1. 

Consider the canonical morphism (p: X' = Spec R — > X, where R = Ox,£- Since X 
is regular, Cohen's structure theorem yields an isomorphism R ~ k\x\,..., Xj\ for a field 
k. We put a' m = a m ■ R, q' = q ■ R, and m' = m • R, so m' is the ideal defining the closed 
point of X' . By Proposition 17.121 it suffices to find a valuation v' G Val^v with center 
at that computes Arn q (a'.). Indeed, in this case the restriction v of v' to X has center 
cx{v) — £ and computes Arn q (a»). 

Therefore we may assume X = Spec k{xi, . . . , seJ, and that ai and q contain m p for 
some p, where m is the ideal defining the closed point of X. Fix < e < Arn q (a.) and 
suppose v G VaT x is such that ^fe^ > £• Since m p C ai, we have v (a.) < pt> (m). In 
particular, t> has center at the closed point. After rescaling v, we may assume v(m) = 1, 
so that v(a») < p, and therefore A(v) < A(v) + v(q) < M, where M = p/e. We conclude 
that Arn q (a.) = sup veVM A( ff (q) , where 

Vm = {!)£ Val x | v(m) = 1, A(v) < M}. 

By Proposition 15.91 Vm is compact. Furthermore, by Proposition 15.71 A is lower semicon- 
tinuous and by Corollary 16.41 the functions v — > v(q) and v — > v (o.) are continuous on "Vm 
The function t> — >■ t>(a.)/(v4(t>) + t> (q)) is therefore upper semicontinuous on Vm, hence 
achieves its maximum at some v G Vm- This completes the proof of Theorem 17. 31 

7.6. Proof of Theorem 17.61 Assume A := lct q (a») < oo. The proof proceeds similarly to 
the proof of Theorem 17.31 repeatedly using localization, completion, and field extensions. 

We start by considering the weak versions of Conjectures 17.41 and 17.51 Let £ be the 
generic point of an irreducible component of the subscheme defined by (J{a^) : q). In view 
of Propositions 17.141 and 17.151 we may assume that m p C a± and m? C q, where p 3> 
and m = is the ideal defining £. 

After invoking Proposition 17.121 and Lemma [3.101 we may replace X by SpecOx,£- 
By Cohen's structure theorem, we may therefore assume X = Spec k{xi, . . . , Xj] for a field 
k. We still have that m p C ai and m p C q, where m defines the closed point of X. These 
inclusions allow us to apply Proposition 17.121 and Lemma 13.101 "in reverse" , and assume 
X = A£ and £ = 0. Finally we can use Proposition 17.131 and Lemma 13.111 with K = k 
to reduce to the case when k is algebraically closed. But then we are in the situation of 
Conjecture 17.51 

Finally we consider the strong versions of Conjectures 17.41 and 17.51 Pick any v G Val^ 
computing lct q (a»). We must show that v is quasi-monomial. After replacing A by a higher 
model and using Lemma 17.111 we may assume trdeg x {v) = 0. The proof is now almost 
identical to what we did for the weak version. Let £ = cx{v). By Theorem 17.81 we may 
assume that a m = {/ | v(f) > m}. In particular, there is p > 1 such that m p C oi, where 
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m is the ideal defining £. By applying Proposition 17. 15[ we may also assume that C q 
for some N > 1 . Two applications of Proposition 17.121 and Lemma 13.101 reduce us to the 
case when X = A£, trdeg(f) = and cx(v) = £, where £ G A£ is a closed point. Invoking 
Proposition 17.131 and Lemma 13.111 with K = k (note that v extends to a valuation in 
VaL\» ), we see that we may assume that k is algebraically closed, and then we are in 
position to apply Conjecture 17.51 This completes the proof of Theorem 17.61 

8. The monomial case 

In this section we assume that X = A£ = Spec(k[xi, . . . , x n }) is the n- dimensional 
affine space over a field k of characteristic zero, and a, is a graded sequence of monomial 
ideals (that is, each a m is generated by monomials). In this case it is natural to focus 
on monomial valuations: these are the quasi-monomial valuations in QM(X, H), where 
H — Hi + • • • + H n , with Hi = V(xj). Every such valuation v is of the form val a , where 
a = (ax, • • • , Oi n ) G R> is given by = v (xi). Note that the log discrepancy is then given 
by A(val a ) = (e, a), where e = (1, . . . , 1), and where we put (u, a) = Ym=i u i a i whenever 
u,a G R n . 

Denote by r = tx,h '■ Valx — > QM(X, H) the retraction map. Thus v := r(v ) is the 
monomial valuation for which v(xi) = v(xi) for all i. Thus v(a 9 ) = v (a.) and v(q) < v(q) 
for any ideal q. Moreover, by Lemma [5.31 we have A(v) < A(v) with equality if and only 
if v — v is monomial. This immediately implies that if v is not monomial, then 

A(v) + v(q) A{v)+v(q) ~ v ; ' 
hence v does not compute Arn q (a.). 

On the other hand, consider the simplex S = {a G R> | (e, a) = 1}. Then 
A(va\ a ) = 1 for all a G S. It is clear that a — > val a (q) is continuous on S and by 
Lemma EUthe same is true for a — > val a (a.). Thus the 0-homogeneous function 

val a (a.) 

ol — y 

v4(val Q ) + val Q (q) 

attains its supremum on E. We have proved the following version of Conjecture 17.41 

Proposition 8.1. If a, is a graded sequence of monomial ideals and q is any ideal, then 
Arn q (a.) is computed by some monomial valuation. Furthermore, any valuation computing 
Arn q (a») is monomial. 

We now use this proposition to recover a formula by Howald |How] for the multiplier 
ideal J7"(a^). First note that J(c£) is a monomial ideal. To see this, let / G k[xi, . . . ,x n ] 
be any polynomial and let q = q/ be the monomial ideal generated by the monomials that 
appear in / with nonzero coefficient. It suffices to show that Arn^(a.) = Arn q (a.). But 
this is clear by Proposition 18. II since v(f) = v(q) for any monomial valuation v. 

To describe Howald's formula, we recall from |Mus] (see also |Wol] ) how to associate 
a convex region P(cl,) to a,. For every m > 1, consider the Newton polyhedron of a m 

-P(cim) = convex hull oi{u G Z> | x u G a m }. 
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Our assumption that a m ^ (0) for some m implies that some P(a m ) is nonempty. The 
fact that a. is a graded sequence of ideals gives P(a m ) + P(cLe) Q P(a m+ e) for all m and 
I. In particular, we have ^P(a m ) C ^P(a mp ). We put 



P(a.):=(j-P(a m ). 



m 

m 

This is a nonempty closed convex subset of R> , with the property that 

P(a.) + R> CP(a.)- (8.1) 
Indeed, each P(o m ) satisfies the same property. 

Remark 8.2. Given any nonempty closed convex subset P C R™ with the property (18.11) 
there exists a graded sequence a. of monomial ideals such that P(a») = P. Indeed, we 
can take a m = (x u \ u G Z" D mP) for all m > 1. In general, the subset P(o.) does not 
determine a. uniquely. However, as the results below show, if P(o.) = P(a'.), then a, and 
a', should be regarded as equisingular. 

As an instance of basic convex analysis we next show that the convex set P = P(a.) 
determines, and is determined by, the concave function w —> val U) (o,) on R> . 

Lemma 8.3. If a, is a sequence of monomial ideals on then 

val a (o.) = inf{(u, a) \ u G P(o.)} for a G R> . (8.2) 

Conversely, we have 

P(a.) = {u6 R% | (m, a) > val Q (a.) for all a G R> }. (8.3) 

Proof. It is immediate from the definition that valo,(a m ) = min{(-u,a) | u G P(a m )}. It 
follows that 

valo,(a,) = inf - = inf inf (u,a) = inf (u,a). 

mm m ue ±p( am ) ueP(a.) 



The inclusion "C" in (18.31) from from the description of val a (a»). On the other hand, 
if Mo ^ P(ct»), then we can find v G R™ and b G R such that (u, v) > b for every u G P(a»), 
while (u , v ) < b (this is a general fact about closed convex subsets of R n , see Theorem 4.5 
Br0| ). It follows from (18.11) that v G R> , hence (u ,v) < val^(a.). □ 



in 



We can now state and prove Howald's formula. 

Proposition 8.4. // a. is a graded sequence of monomial ideals, then 

J (a*) = (x u | u + e G Int(AP(a.))). (8.4) 

Equivalently, Arn^'^a.) is equal to the unique number a > such that a(u + e) lies on 
the boundary of P = P(a»). Moreover, a nontrivial monomial valuation val a computes 
Arn^'^a.) if and only if a determines a supporting hyperplane of P at a{u + e), that is, 
(a(u + e), a) < (u 1 , a) for all u' G P(a,)- 
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If a m = a m for some monomial ideal o, then P(a,) = P{a), J(a.) = J(a x ) and (18.41) 
becomes Howald's original formula from [How]. See also |Guet Theorem A] for a similar 
result in the context of toric plurisubharmonic functions and |MZj for an analytic approach 
to Howald's formula. 

Proof. By Proposition 18.11 Anr 1 \a 9 ) is the unique number a > such that val Q (a.) < 
a(e+u, a) for all a G R> with equality for at least one a^O. By (18. 3p this means exactly 
that a(u + e) belongs to the boundary of -P(a.). Moreover, val a computes Am*- 1 ^(a.) if 
and only if val Q (a.) = a(e + u, a), and by (18.21) this means that a defines a supporting 



hyperplane of ? at a(w + e). □ 

Example 8.5. If we put P = {(x,y) G R> | (x + l)y > 1}, we get a graded sequence 
of ideals a, such that Am° x (a.) = ■ Furthermore, if a = val( 0) f,), then a(a.) = 

2\fab — a. We see that the nontrivial valuation a computes Arn * (a,) if and only if 
(a, b) = q(l — a, 1) for some q G R>o- In particular, this shows that Arn x (a.) is not 
computed by any divisorial monomial valuation. 



9. The two-dimensional case 



Our goal in this section is to give a proof of the strong version of Conjecture 17.51 in 
the two-dimensional case. Let k be an algebraically closed field of characteristic zero and 
X = A| = Spec R, where R — k[x, y]. We put m = (x, y). Consider a graded sequence a. 
of m-primary ideals and a nonzero ideal q on X. Note that there exists N > 1 such that 
m j7V C a.j for all j. We assume that Am Q (a,) > 0, and we have to show that any valuation 
in Valx with center at that computes Arn q (a.) must be quasi- monomial. 

For v G Val^ write 

n } A(v)+v(qy 

so that Arn q (a.) is the supremum of \. As in the proof of Theorem 17.31 it suffices to 
take the supremum over v centered at the origin, normalized by v(m) = 1 and satisfying 
A(v ) < M for some fixed M < oo. For such valuations, the Izumi-type estimate in (15.31) 
becomes 

ord < v < A(v) ■ ord , (9.1) 
on R, where ordo is the divisorial valuation given by the order of vanishing at 0. 

Now assume t>* G Valx satisfies f*(m) = 1 and A(v*) < M but that is not quasi- 
monomial. We will show that xi v *) < Arn q (a.). The argument that follows is essentially 
equivalent to the one in [FJ3j . but it avoids appealing to the detailed structure of the val- 
uative tree described in [FJlj . The key ingredient is a uniform control on strict transforms 
of curves under birational morphisms, see Lemma 19.21 

Note that trdeg(v„) = and ratrk(t>*) = 1@ or else t>* would be an Abhyankar 
valuation, hence quasi-monomial. The idea is to find a suitably chosen increasing sequence 
of log-smooth pairs (Y n , D n ) above A 2 such the corresponding retractions v n := Ty n ,z) n (t>*) 



Such a valuation is infinitely singular in the terminology of |FJ1) . 
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increase to t>*@ Furthermore, we will achieve x( v n) > x( v n+i) for n > and x( v n) ~~ >" 
x{v*), which in particularly implies that xi v *) < Arn q (a.). 

To start the procedure, let n : Y A 2 be the blowup of A 2 at the origin, with 
exceptional divisor E . Since trdegf* = 0, the center of t>* on Y is a closed point po G E . 

Lemma 9.1. There exist (algebraic) local coordinates (zq,wq) at po on Yq such that Eq = 
{zq = 0} and v*(zq) = 1, v*(wo) = so/r for positive integers r , sq with gcd(r , sq) = 1 
and r > 2. 

Here the key point is r > 2. The coordinate Wq is not unique, but the numbers r 
and s are. 

Proof. Pick any coordinate z G Cy , Po such that E = {z = 0}. Then v*{zq) = u*(m) = 1. 
Note that v*(Oy , Po \ {0}) is a discrete subsemigroup of R>o- Indeed, if < t>*(/ 2 ) < 

. . . < M is a bounded increasing sequence, then we have a decreasing sequence of ideals 
{/ I v *(f) > v *(fi)}i & H containing the zero- dimensional ideal {/ | i>*(/) > M}. By the 
Izumi estimate (19.11) we have v*(w) < Ay (v*) ord Po (u>o). Hence we can pick wq G Oy , Po 
such that (zq,wq) form local coordinates at po and such that v*(wq) is maximal. As 
ratrkt>* = 1, we have v*(wo) G Q and can write v*(wo) = so/r for positive integers r , so 
with gcd(r , s ) = 1- We have to show that r > 2. 

Suppose to the contrary that r = 1. Since w*(^q°) = t>*(wo) and trdeg(f*) = 0, it 
follows that there is $ G A;* such that f*(wo + ^^o°) > v *( w o)- Since (2 ,ifo + i?^q°) is a 
system of coordinates at p , this contradicts the maximality in the choice of v*(wq). □ 

With the notation in the lemma, let v\ be the monomial valuation in coordinates 
(zo,wo) such that ui(zq) = 1, fi(wo) = so/r . Then wi is divisorial and t>i(m) = 1. Let 
/?! : Y\ — > Y be a modification above pjj such that the center of Vi on Y\ is an exceptional 
prime divisor E\. We may and will assume that p\ is a toroidal modification, in the sense 
that the divisorial valuation ord^ associated to each exceptional prime divisor E C Y\ 
is monomial in the coordinates (zq,Wo) at Pq. (There is a minimal such pi which can be 
explicitly described by the continued fractions expansion of so/r , but we don't need this 
information.) The center of t>* on Y\ must be a free point p\ G E\ (i.e. not belonging to 
any other exceptional prime divisor) or else would not take the correct value on zq or 
on Wo- Moreover, if D\ is the reduced exceptional divisor for ir Q o p x : Y\ — > A 2 , then v\ is 
equal to the retraction ry^^f*). 

Consider now u* as a valuation on Y\ with center at p\. Up to a factor ro, the 
situation is then exactly the same as the one we had when considering v* at (Yo,Po) : now 
v*(Ei) = Tq -1 , whereas previously v*(E ) = 1. We can find new coordinates (zi,Wi) at p 1 
such that Si = {z\ = 0} and v*(wi) is maximal. The proof of Lemma [97T1 gives u«(it?i) = 
for positive integers r!,siwith gcd(r 1; si) = 1 and r\ > 2. Let t>2 be the monomial 
valuation in coordinates (^i,Wi) taking the same values as i>* on these coordinates. We 

9 This approach can be used to classify valuations on surfaces and recover the structure of the valuative 
tree as described in [FJlj ; see also |Spi| . 

10 By this, we mean that p\ is proper, and an isomorphism over Yq \ {po}, with Y\ regular. 
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can find a toroidal modification p 2 : Y 2 — > Yi above p\ such that the center of v 2 (resp. v*) 
on Y 2 is an exceptional prime divisor E 2 (resp. a free point p 2 G E 2 ). 

This procedure can be continued indefinitely, giving rise to sequences (vj)j>i, (-%)j>o> 
(pj)j>o, (-2j,^')i>Q and (rj,Sj)j>o. We write 6„ = r n _ir„_ 2 . . . r . One can check that 
6 n = ords n (m). Since > 2 for all j, we have b n > 2 n . By Corollary 15.41 we have 
A(vj) < A(v*) for all j. 

We have the following estimate, whose proof uses elementary intersection theory. 

Lemma 9.2. Let 7Tq: Yq — > A 2 be the blowup of the origin with exceptional divisor E , 
and consider a point p G E . Further, let p: Y — > Y be a modification above p . Consider 
an exceptional prime divisor E C Y mapping to p and a free point p on E. Then, for 
any effective divisor H C A 2 we have 

ord p (H\ E ) < b- 1 ■ ord Po (#oU ) < b' 1 ■ ord (F), (9.2) 

where H and H are the strict transforms of H by tt and ir = ir o p, respectively, and 
where b = ord^m). 

We will apply Lemma I9T21 to p — p n o---op x . We then have b — b n — ord Sn (m) > 2 n , so 
ord p (H) < ord (F) for n > 0. 

Proof. The second inequality is clear since E ~ P 1 and the degree of H \e equals 
ord (iif). To prove the first inequality we write p*E = bE+E', where E' is a 7r-exceptional 
divisor whose support does not contain p. It then follows that 

ord po (#ok) = (H ■ E ) P0 = {p*H ■ E ) Po > (H ■ p*E ) p = b ■ (H ■ E) p = b ■ oid p {H\ E ). 

□ 

Lemma 9.3. The quasi-monomial valuations v n satisfy v n < v n+ i on A 2 . Moreover, 
v n — > ^* and x( v n) — > x( v *) as n ~ * 00 ■ 

Proof. It follows from Lemma HJ3 and Corollary 14.81 that v n < v n+ i < on A 2 . We claim 
that v n converges to v * as n — > oo, that is, v n (f) — > f*(/) for every / G R = k[x, y\. Now 
v *(f) > v n(f) if and only if the strict transform H n of H := {/ = 0} on Y n contains p n , and 
the latter is equivalent to ord Pn (H n \E n ) > 1- Thus Lemma [9721 implies that v n (f) = w*(/) 
as soon as 2 n > ordo(/). 

Let us finally note that x( v n) x( v *)- Indeed, v n (a.) and f„(q) increase to u*(a.) 
and f*(q), respectively, by Corollary 16.41 Moreover, since A is lower semicontinuous we 
have liminf n A(v n ) > A(v*). But A(v*) > A(v n ), so lim n ^oo A(v n ) = A(v*) < oo. As v*(q) 
and f*(a») are finite, we conclude that lim^oo x( v n) = x( v *)- D 

Lemma 9.4. We have x( v n) > x{ v n+i) f or n ^ 0. 

Together, Lemmas 19.31 and 19.41 show that x( v *) < x( v n) f° r n large, and this completes 
the proof of Conjecture 17.51 in dimension two. 
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Proof of Lemma 9.4 Pick no such that 2 n ° > A(v*) + f*(q). In particular, 2 n ° > ordo(q). 
By Lemma [9.21 the strict transform of q on Y n does not vanish at p n for n > no- 
Fix n > n and consider our local coordinates (z n ,w n ) at p n G E n C Y" n . For t > 0, 
let v nt t be the monomial valuation in (z n ,w n ) with u n ,t(2; n ) = b^ 1 and f n ,t(wn) = b~H. 
Thus w„ i0 = w„ and v n ^ Sn/rn = v n+1 . Note that v nit (m) = 1 for all t. 

Let us study the function t — > x( v n,t)- First, A{v n ,t) = A(v n )+b~H. Second, f n ,t(q) = 
v n (q) for n > n . For an ideal a C i? with ^(a) C {0}, the function, t — )■ t> n ,t(a) is concave 
(and piecewise linear) for t > 0. Let a be the strict transform of a on Y n . Then, for 
< i < 1, we deduce using Lemma l9~2l 

v n ,t( a ) = v n( a ) + K lt ■ ord p„(&kJ < v n(a) + 2~ n b~H ■ ordo(a). 

By concavity, the same inequality holds for all t > 0. Applying this with a = a m , dividing 
by m, and then letting m go to infinity, we obtain the inequality 

v n ,t( a ») < v n (a.) + 2~ n 6 r 7 1 t • ord (o.) 

for all t > 0. Hence 

. , v n (o.) + 2" n &- 1 * • ord (a.) 
A(u n ) + u n (q) + 6„H 

for allt > 0, with equality for t = 0. Here the right hand side is strictly decreasing in t if 
and only if 

2- n b- n l ord (a.) • (A(v n ) + v n (q)) < b^v^a.). (9.3) 
Now A(v n ) < A(v m ) < oo, v n (q) = u*(q) < oo and v n (a.) > ord (a.), so (19.31) holds for 
n > n by our choice of n . Thus x( u n+i) < x( v n) f° r n > n o, completing the proof. □ 



Appendix A. Multiplier ideals on regular excellent schemes over Q 

We explain how to deduce some basic results about multiplier ideals, the Restriction 
and the Subadditivity Theorems, in our setting from the classical one. Recall that X is a 
regular, connected, excellent scheme over Q. Our goal is to prove the following: 

Theorem A.l. If H is a regular closed subscheme of codimension one in X, then we 
have Jl((a ■ Oh) x ) Q J{.^ X ) • Oh for every ideal a on X and every A G R>o- 

Theorem A. 2. If a and b are ideals on X, and A,/i are nonnegative real numbers, then 
J(a x W) C J(a x ) -Jib"). 

For the proofs, it will be convenient to consider the following reindexing of multiplier 
ideals. If t > 0, we put J{a t ~) : = J{<^~ £ ) for < e «C 1. Of course, we have J"(o*) = 
J{p^ t+£S> ~) for < e < 1. Similarly, if a and b are two ideals, and s, t > 0, then 
we put Jias-tf-) := Jia 3 -^- 6 ) for < e < 1. Since J{a s b l ) = J(a^~b ( - t+e ^) for 
< £ < 1, having the statement in Theorem IA. 21 for all A, fi > is equivalent with having 
J(a x ~b' J, ~) C J(a x ~) ■ J(b^~) for every A, u, > 0. The same holds for Theorem[Aj] 

Lemma A. 3. Suppose that X = Spec k[xi, . . . ,x m }. If m is the ideal defining the closed 
point in X, then 

J(* t ~)= f)j((a + m N y-) 

N>1 
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for every t > 0. 

Proof. We may assume a is nonzero: otherwise the assertion follows from f] N ^T(vn N ~) = 
f] N m N ~ m = (0). Given g G O(X), we have g G J(cf~) if and only if for every divisor E 
over X 

oid E (g) + A(oid E ) > t ■ ovd E (a). (A.l) 

Furthermore, if this is not the case, then one can find a divisor E with center at the closed 
point such that flA.ip fails (for this, one can argue as in the proof of [dFMl Lemma 2.6]). 
If iV > ord E (a), then ord E (a) = ord s (a + m"), and we see that g G" J((a + m^)' - ). □ 

Remark A. 4. Using the same proof, one sees that more generally, if a and b are two 
ideals as in the lemma, and if s, t > 0, then 

j(a s -b t -)= p| J((a + m N y-(b + m N y~) 

N>1 

for every s, t > 0. 

Lemma A. 5. Let (R,m) be a complete local Noetherian ring, and {In)n>\ and (Jn)n>i 
be sequences of ideals in R with Ijv+i ^ In and Jn+i Q Jn for all N . Write I = f] N>1 In 
and J = fV>i Jn- 

(i) We have I J = f) N>1 InJn- 

(ii) For every ideal I 1 in R, we have Ha^i^' + In) = I' + I ■ 

Proof. Since R/I is complete in the m-adic topology, and the filtration given by (In /I) n>i 
is separated, it follows from a theorem of Chevalley (see [ZS1 Thm. 13, pp. 270-271]) that 
given any I there is N such that 1^ C I + m e . Similarly, we see that after possibly 
increasing N, we may also assume that Jn ^ J + Therefore InJn Q I J + ttl^, so 

f]lNJNCf](IJ + m e ) = IJ, 

N>1 l>\ 

where the equality follows from Krull's Intersection Theorem. As the other inclusion is 
trivial, this proves (i). 

The argument for (ii) is similar: we get from Chevalley's theorem that 

n( j/ +^) cp|(/'+/w) =/'+/, 

N>\ i>\ 

which completes the proof. □ 

Proof of Theorem \A.l\ If A is a scheme of finite type over a field k, then the result is 
well-known see |Laz} Section 9. 5. A]. Note that since taking multiplier ideals commutes 
with passing to the algebraic closure (see Proposition 11.91 and Example 11.11) . in this case 
one can assume that k is algebraically closed. 

In the general case, it is enough to prove the two assertions after replacing X by 
Spec(Ox,£), where £ is any point of X. Indeed, this follows since taking multiplier ideals 
commutes with this operation by Proposition 11.91 (recall that Spec(Cx^) - > A is regular 
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since X is assumed to be excellent). Therefore, by Cohen's structure theorem we may 
assume that X = Spec k\x\, . . . , x m ], for some m, and that H is defined by the ideal (xi). 

Note that the assertion in the theorem holds for every A if we replace o by a + rrv^ , 
where m is the ideal defining the closed point of X. Indeed, in this case there is an ideal 
on A™ such that <Xn ■ Ox = a + m N . In this case, we deduce the assertion on X from 
the assertion on A™, and the fact that taking multiplier ideals commutes with completion 
at the origin. 

As we have mentioned, this implies that 

J (((a + m N ) ■ O h ) x -) C J {{a + m ff ) A 1 • O h 

for all A > 0. Intersecting over N > 1, and using Lemma [A.3I and Lemma [A. 5 1 (ii) we get 

J((a-0 H ) x -)CJ(a x -)-0 H 

for every A > 0. As we have seen, this gives the assertion in the theorem. □ 

Proof of Theorem \A.S\ Again, the result is known when X is of finite type over a field 
(see \Laz\ Section 9.5.B]). Arguing as in the proof of Theorem IA.lt we see that we may 
assume X = Spec k{x\, . . . , x m }, and that we have 

J ((a + m N ) x -(b + m N y~) C J ((a + m N ) x ~) ■ J((b + m N y~) 

for all A, n > 0. Taking the intersection over N > 1 and using Lemma IA.3I (see also 
Remark IA.4I) and Lemma [A. 51 (i), we deduce 

J(a x -W-) c J(a x ~) ■ J(b»-) 
for all A, n > 0. As we have seen, this implies the assertion in the theorem. □ 
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